
3.2 Derivation of optimal passive detector law

The use of the CL IPS for solving the given dynamic
optimization problem leads to dynamic programming.
Thus the problem is considered backward in time from
the final time step F and the optimal passive detector can
be obtained by solving the following backward recursive
equation for time steps k = F, F − 1, . . . , �

V ∗k
(
Ik
0

)
= min

dk∈M
E

{
Ld

k (μk−�, dk)

+ V ∗k+1

(
Ik+1
0

)
|Ik

0 , dk

}
, (5)

where E{·|·} denotes the conditional expectation operator
and V ∗k (Ik

0) is the Bellman function that expresses the
minimum expected cost incurred from the current time
step k to the final time step F . The initial condition for
the backward recursive equation is V ∗F+1 = 0 and the value
of the criterion (4) can be expressed as JCL = J

(
σF∗

�

)
=

E
{
V ∗�

(
I�
0

)}
.

The conditional probability P
(
μk−�|Ik

0 , dk

)
and the con-

ditional probability density function (pdf) p
(
zk+1|Ik

0 , dk

)
,

needed for evaluation of the conditional expectations in
the backward recursive equation (5), can be computed
using a nonlinear estimator. The exact nonlinear filter and
smoother for multiple models are presented in Section 4.
It can easily be shown that the probability P

(
μk−�|Ik

0 , dk

)
and the pdf p

(
zk+1|Ik

0 , dk

)
satisfy the identities

P
(
μk−�|Ik

0 , dk

)
= P

(
μk−�|zk

0

)
, (6)

p
(
zk+1|Ik

0 , dk

)
= p

(
zk+1|zk

0

)
. (7)

Note that these identities just reflect the fact that the
decisions dk

0 can not bring any additional information since
they are deterministic functions of the measurements zk

0 .

The identities (6) and (7) can be useful for rewriting the
backward recursive equation (5) into a simpler form. The
Bellman function at time step k = F is

V ∗F
(
IF
0

)
= min

dF∈M
E

{
Ld

F (μF−�, dF ) |IF
0 , dF

}
. (8)

Applying (6) the Bellman function V ∗F
(
IF
0

)
takes the form

V ∗F
(
IF
0

)
= min

dF∈M
E

{
Ld

F (μF−�, dF ) |zF
0 , dF

}
, (9)

from which it can be seen that the right-hand side
is independent of the decisions dF

0 and thus it holds
that V ∗F (IF

0 ) = V ∗F (zF
0 ).

Now, if it is assumed that V ∗k+1(I
k+1
0 ) = V ∗k+1(z

k+1
0 ) at a

time step k+1, then the Bellman function at a time step k
can be written as

V ∗k
(
Ik
0

)
= min

dk∈M
E{Ld

k (μk−�, dk)

+ V ∗k+1

(
zk+1
0

)
|Ik

0 , dk}. (10)
Applying (6) and (7) it can be seen that the Bellman
function V ∗k

(
Ik
0

)
is independent of the decisions dk

0 (i.e.
V ∗k (Ik

0) = V ∗k (zk
0) ). Thus, the backward recursive equation

can be written at each time step k ∈ T as
V ∗k

(
zk
0

)
= min

dk∈M
E

{
Ld

k (μk−�, dk) |zk
0 , dk

}
+ E

{
V ∗k+1

(
zk+1
0

)
|zk

0 ,
}
, (11)

and the optimal decision d∗k is given by

d∗k = σ∗k
(
zk
0

)
= arg min

dk∈M
E

{
Ld

k (μk−�, dk) |zk
0 , dk

}
, (12)

where σ∗k
(
zk
0

)
is a function describing the optimal passive

detector. Note that the Bellman functions cannot actually
be computed analytically due to intractable conditional
expectations. However, it does not hamper the solution
since the optimal decisions can be computed without the
knowledge of the Bellman functions. The reason is that
the decisions do not influence the future data.

Now, a detector based on the OLF IPS will be derived.
This IPS uses all available information as if no more
information will be received in the future (i.e. the OL
IPS is used for the future time steps). Therefore, the
following optimization problem has to be solved at each
time step k ∈ T

min
dF

k

E

{
F∑

i=k

Ld
i (μi−�, di) |zk

0 , d
F
k

}
.

Since each decision di influences only the cost func-
tion Ld

i (·, ·), this minimization problem can be recast as
F∑

i=k

min
di

∑
μi−�

k−�

Ld
i (μi−�, di)P

(
μi−�

k−�|zk
0

)
.

From this expression, it can be seen that the optimal
decision d∗k is given by
d∗k = σ∗k

(
zk
0

)
= arg min

dk∈M
E

{
Ld

k (μk−�, dk) |zk
0 , dk

}
, (13)

which corresponds to an intuitively expected result. Since
(13) is the same as (12), it is clear that the use of the CL
IPS brings no improvement over the OLF IPS.

4. MULTIPLE MODEL CHANGE DETECTION
IMPROVEMENT BY SMOOTHING

This section deals with the estimation algorithms that
provide the probability needed in the optimal passive
detector. First, the filtering algorithm is presented because
it is an inherent part of the smoothing algorithm and
employed whatever the lag � is. Then the smoothing
algorithm is provided and the section is concluded with
a discusion.

4.1 Optimal filtering in multiple model change detection

This subsection summarizes the filtering algorithm for
multiple Gaussian linear models which provides the condi-
tional probability P (μk

0 |zk
0) together with the conditional

pdf’s p(xk|zk
0) and p(zk+1|zk

0).

If the lag � is zero, the conditional probability P
(
μk|zk

0

)
is needed to make the optimal decision. This conditional
probability is given by the following marginalization

P
(
μk|zk

0

)
=

∑
μk−1

0

P
(
μk

0 |zk
0

)
, (14)

where
∑

μi
0

denotes the sum over all model sequences μi
0.

The conditional probability P (μk
0 |zk

0) can be evaluated
recursively according to

P
(
μk

0 |zk
0

)
=

p
(
zk|zk−1

0 , μk
0

)
P

(
μk

0 |zk−1
0

)
p

(
zk|zk−1

0

) , (15)

where the predictive probability P (μk
0 |zk−1

0 ) can easily be
computed as

P
(
μk

0 |zk−1
0

)
= P (μk|μk−1)P

(
μk−1

0 |zk−1
0

)
, (16)
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and the predictive pdf p(zk|zk−1
0 ) independent of the

model sequence μk
0 is given by the relation

p
(
zk|zk−1

0

)
=

∑
μk

0

p
(
zk|zk−1

0 , μk
0

)
P

(
μk

0 |zk−1
0

)
. (17)

Given the model sequence μk
0 , the system can be described

by a t-variant linear Gaussian model, and thus the Gaus-
sian pdf p(zk|zk−1

0 , μk
0) = N{ẑk|k−1

(
μk

0

)
,Pz,k|k−1

(
μk

0

)
}

can be obtained from the Kalman filter. The mean
value ẑk|k−1

(
μk

0

)
and the covariance matrix Pz,k|k−1

(
μk

0

)
are given as

ẑk|k−1

(
μk

0

)
= Cμk

x̂k|k−1

(
μk−1

0

)
, (18)

Pz,k|k−1

(
μk

0

)
= Cμk

Px,k|k−1

(
μk−1

0

)
CT

μk
+ Hμk

HT
μk
,

(19)

where the mean value x̂k|k−1(μk−1
0 ) and the covariance

matrix Px,k|k−1(μk−1
0 ) are the first and the second mo-

ment of the Gaussian predictive pdf p(xk|zk−1
0 , μk−1

0 ) =
N{x̂k|k−1(μk−1

0 ),Px,k|k−1(μk−1
0 )}, respectively.

The predictive mean value and covariance matrix are given
by the initial conditions at the zero time step, and at other
time steps, they are computed within the predictive step
of the Kalman filter according to the relations

x̂k+1|k
(
μk

0

)
= Aμk

x̂k|k
(
μk

0

)
, (20)

Px,k+1|k
(
μk

0

)
= Aμk

Px,k|k
(
μk

0

)
AT

μk
+ Gμk

GT
μk
, (21)

where x̂k|k(μk
0) and Px,k|k(μk

0) are the filtering mean value
and covariance matrix, respectively. These are obtained
within the filtering step of the Kalman filter by evaluating
the relations

x̂k|k
(
μk

0

)
= x̂k|k−1

(
μk−1

0

)
+ KF

(
μk

0

) [
zk − ẑk|k−1

(
μk−1

0

)]
, (22)

Px,k|k
(
μk

0

)
=Px,k|k−1

(
μk−1

0

)
−KF

(
μk

0

)
Cμk

Px,k|k−1

(
μk−1

0

)
, (23)

where the Kalman gain KF
(
μk

0

)
is given by

KF
(
μk

0

)
= Px,k|k−1

(
μk−1

0

)
CT

μk
Pz,k|k−1

(
μk

0

)−1
. (24)

4.2 Optimal smoothing in multiple model change detection

The filtering estimate given by the conditional pdf p(xk|zk
0)

and the probability P (μk|zk
0) represents the optimal esti-

mate of the state x̄k on the basis of all data up to the time
step k. In some cases, it is, however, suitable to consider a
different type of the state estimate, the smoothed estimate
given by p(xk−�|zk

0) and P (μk−�|zk
0) with � > 0. In fact, the

smoothed estimate is the estimate of the past state x̄k−�

with respect to the last currently available measurement.
Thus, compared to the filtering estimate of the state x̄k−�,
the smoothed estimate utilizes information from a larger
data set.

Analogously to the filtering estimate, the smoothed prob-
ability is given by the marginalization

P
(
μk−�|zk

0

)
=

∑
μk−�−1

0

∑
μk

k−�+1

P
(
μk

0 |zk
0

)
. (25)

and the conditional pdf is of the form

p
(
xk−�|zk

0

)
=

∑
μk

0

P
(
μk

0 |zk
0

)
p

(
xk−�|zk

0 , μ
k
0

)
, (26)

Table 1. Summary of the smoothing algorithm

Smoothing algorithm

Initialization: The predictive mean value x̂0|−1, covariance
matrix Px,0|−1, probability P (μ0), and time step k = 0.

Step 1a: Based on the new output zk, compute the filtering
mean values x̂k|k(μk

0), covariance matrices Px,k|k(μk
0), and

probability P (μk
0 |zk

0) using (22), (23), and (15), respectively.

Step 1b (optional): Using (14), evaluate the filtering proba-
bility P (μk|zk

0) and employ it for finding the optimal filtering
decision d∗k according to (12) (i.e. � = 0).

Step 2a: Compute the smoothing probability P (μk−�|zk
0) us-

ing (25) and determine the optimal smoothing decision d∗k
according to (12) (i.e. � > 0).

Step 2b (optional): Compute the smoothing mean val-
ues x̂k−�|k(μk

0) and covariance matrices Px,k−�|k(μk
0) us-

ing (27) and (28), respectively.

Step 3: Compute the predictive mean values x̂k+1|k(μk
0), co-

variance matrices Px,k+1|k(μk
0) and probability P (μk+1

0 |zk
0)

using (20), (21), and (16).

Step 4: k ← k + 1 and return to Step 1.

where the pdf p(xk−�|zk
0 , μ

k
0) is Gaussian with the mean

value x̂k−�|k(μk
0) and the covariance matrix Px,k−�|k(μk

0),
i.e. p(xk−�|zk

0 , μ
k
0) = N{x̂k−�|k(μk

0),Px,k−�|k(μk
0)}.

The solutions to the smoothing problem, i.e. computation
of the pdf p(xk−�|zk

0), can generally be divided into three
groups (Anderson and Moore, 1979), namely the fixed-
point smoothing, when the time instant � is fixed and
computation can be performed online during the exper-
iment, the fixed-lag smoothing, when the difference k − �
is fixed and computation can be carried out online, and the
fixed-interval smoothing, when the time step k is fixed and
computation is run backward in time. In this paper, the
fixed-lag smoothing is considered, i.e. the pdf p(xk−�|zk

0)
with a constant lag � > 0 is computed.

In the literature, several approaches to the computation
of the smoothed mean x̂k−�|k(μk

0) and the covariance ma-
trix Px,k−�|k(μk

0) have been proposed. Among others the
following smoothing approaches can be mentioned; the
smoothing approach based on the augmentation of the
state by the state being smoothed (Söderström, 1974) and
subsequent application of a filter, the smoother based on
the combination of two optimal filters (the first running
forward in time and the second one running backward
in time) (Fraser and Potter, 1969), or the Rauch-Tung-
Striebel smoother (RTSS) (Lewis, 1986). Because of com-
putational efficiency and ease of application, the RTSS is
selected here.

The relations describing the RTSS can be summarized as
follows

x̂k−�|k(μk
0) = x̂k−�|k−�(μk

0) + KS(μk
0)

×
[
x̂k−�+1|k(μk

0)− x̂k−�+1|k−�(μk
0)

]
, (27)

Px,k−�|k(μk
0) = Px,k−�|k−�(μk

0)−KS(μk
0)

×
[
Px,k−�+1|k−�(μk

0)−Px,k−�+1|k−�(μk
0)

]
×KS(μk

0)T , (28)
where the smoother gain is given by

KS(μk
0) = Px,k−�|k−�(μk

0)AT
μl

Px,k−�+1|k−�(μk
0)−1. (29)
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4.3 Discussion

In this section, some issues concerning the computational
demands of the exact filtering and smoothing algorithms,
the choice of the cost function and the possibility of a
simplified smoothing are discussed.

The relations introduced in Section 4.1 and Section 4.2
provide the exact solutions to the filtering and smoothing
problems for the multiple Gaussian linear models. Unfor-
tunately, as the number of distinct model sequences μk

0
grows exponentially in time, there are Nk+1 Kalman filters
required at the time step k for solving the estimation
problems. To keep computational demands at a reasonable
level, model sequence merging, pruning, or a combination
of those is needed. There are several methods that differ
in complexity, computational demands and accuracy of
estimates (Ackerson and Fu, 1970; Blom and Bar-Shalom,
1988; Boers and Driessen, 2005). The approximation based
on model sequence merging is used because of its simplicity
and clarity. The sequences that have the same last h-step
history are merged together by moment matching. The
depth h ≥ 0 is chosen as a compromise between complexity
and quality of estimates. It is important to note that for
smoothing the depth h has to be greater or equal to the
lag � to make smoothing possible.

During the merging, the conditional probability of the
sequence μk

k−h is computed as

P
(
μk

k−h|zk
0

)
=

∑
μk−h−1

0

P
(
μk

0 |zk
0

)
, (30)

and the filtering pdf p(xk|zk
0 , μ

k
k−h) that has the Gaussian

sum form
p

(
xk|zk

0 , μ
k
k−h

)
=

∑
μk−h−1

0

P
(
μk−h−1

0 |zk
0 , μ

k
k−h

)
× p

(
xk|zk

0 , μ
k
0

)
, (31)

where

P
(
μk−h−1

0 |zk
0 , μ

k
k−h

)
=

P
(
μk

0 |zk
0

)
P

(
μk

k−h|zk
0

) (32)

is replaced by a single Gaussian pdf such that the first two
moments of the random variable xk are preserved.

The properties of the optimal passive detector are de-
termined by the cost function Ld

k (μk−�, dk). When the
deferring of decisions is considered (i.e. � > 0), the cost
function can also include the cost connected with defer-
ring a decision. Then the choice of the lag � is given by
a compromise between the quality of detection and the
delay for detection. Such a compromise is inherent to all
detection methods and it is demonstrated in the second
scenario of the illustrative example.

Although the whole smoothing algorithm is presented in
Section 4.2, only relation (25) is needed in the optimal
passive detector that provides the decisions based on the
smoothing estimates. The other relations of the smoothing
algorithm will be used when better estimates of the whole
state are required (e.g. in the case of a batch data analysis).

5. ILLUSTRATIVE EXAMPLE

This numerical example illustrates a change in the quality
of detection when the smoothing estimates are employed

in the passive detector. Particular attention is paid to how
the value of the criterion changes as the lag increases.
There are two distinct situations to consider. In the first
situation the cost of deferring the decision by one time
step is zero. In the second situation there is a nonzero cost
connected with deferring the decision. Although this cost
can be a complex function of the state and the decision,
the simplest case of the constant cost is considered in this
numerical example.

The finite detection horizon is F = 40, and the set M =
{1, 2} consist of indexes two second order stable models
with the following matrices

A1 =
[

0.9 1
0 0.9

]
, A2 =

[
0.8 1
0 0.9

]
,

G1 = 0.01E2, G2 = 0.1E2,
C1 = C2 = [1 0], H1 = H2 = 0.01.

(33)

The initial state x0 has Gaussian distribution with the
mean value x̂0|−1 = [1 0]T and the covariance ma-
trix Px,0|−1 = 0.1E2. The initial probabilities of models
are P (μ0 = 1) = P (μ0 = 2) = 0.5 and the switching
between the models is described by the transition prob-
abilities π1,1 = π2,2 = 0.95 and π1,2 = π2,1 = 0.05. To
include both the situations, the cost function Ld

k(μk−�, dk)
is considered to be of the form

Ld
k (μk−�, dk) = Ld1 (μk−�, dk) + Ld2�, (34)

where Ld2 is a constant cost of deferring the decision
by one time step and Ld1(μk−�, dk) is a cost function
penalizing wrong decisions, that is chosen to be

Ld1 (μk−�, dk) =
{

0 if μk−� = dk,
1 if μk−� �= dk.

(35)

It can easily be shown that regardless of the cost Ld2

and the lag �, the chosen form of the cost func-
tions Ld

k (μk−�, dk) and Ld1(μk−�, dk) leads to the passive
change detector of which the decisions are given as

d∗k = arg max
dk

P
(
μk−� = dk|zk

0

)
. (36)

In the first scenario, a comparison between the smoothing
and filtering decisions for particular parameters is pro-
vided. The cost of deferring the decision by one step is
chosen to be Ld2 = 0.01. The depth of merging and the
lag are chosen the same h = � = 3. A typical simulation
run demonstrating the performance of the smoothing and
filtering decisions is depicted in Fig. 2. The upper graph
shows the model sequence, and the filtering and smoothing
decisions. It can be seen that the passive detector based
on the smoothing estimates generally detects the changes
more reliably and thus produces fewer wrong decisions.
From the bottom graph, which shows the filtered and
smoothed probabilities, it can be seen that the smoothing
decisions are also more likely to be correct because the
probabilities converge closer to the limit values zero and
one.

In the second scenario, the dependence of the criterion
value J on the lag � for various costs Ld2 is examined.
Since the improvement is significant only for short lags,
the maximum lag is chosen to be �max = 5. To ensure
comparability of the results for all considered lags, the
criterion is evaluated only on a shorten horizon 0 to F −
�max and the depth for merging is set to maximum lag, i.e.
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Fig. 2. A typical simulation run. Upper graph: Model
sequence – black solid line, Filtering decisions (� = 0)
– blue o-markers, Smoothing decisions (� = 3) – green
x-markers. Bottom graph: Filtering probabilities –
solid lines, Smoothing probabilities – dashed lines;
Model 1 – blue lines, Model 2 – green lines.
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Fig. 3. The relation between criterion J and lag � for
various costs Ld2.

h = �max. The results of 1000 Monte Carlo simulations are
presented in Fig 3. The bottom line shows the dependence
of the criterion value on the lag when the cost of deferring
a decision is zero. Since the criterion value monotonically
decreases to a limit value for the increasing lag, the optimal
value of the lag can be determined based on computational
complexity which increases with the increasing lag or
more precisely with the increasing merging depth h. For
a nonzero cost Ld2 there is an optimal value of the lag as
it can directly be seen from the figure. It is obvious that
when the cost Ld2 is too high, it does not pay off to defer
the decision at all.

6. CONCLUSION

The paper was concentrated on employing the smoothing
estimates in change detection and demonstrating the pos-
sible improvement of the detection quality. As the smooth-

ing estimates can be employed only when the decisions
are deferred, a compromise between the detection quality
and the speed of detection was searched for. Although the
cost function considered in the paper was quite simple
because of demonstration purposes, a more complex cost
function based on the real costs evaluated for a particular
application could be readily used. The future work would
be aimed at the evaluation of approximate smoothing
algorithms in the context of change detection.
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AbstractIn this paper, an active FTC strategy is presented. After short introduction to Takagi-
Sugeno fuzzy systems, it is developed for such systems with low conservatism in Lyapunov
stability derivation. Fault identification is based on the use of an observer and integrated with
the FTC controller, implemented as a model predictive controller.
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1. INTRODUCTION

Fault Tolerant Control (FTC, see Blanke et al. (2003))
system allows to control plant in such a way that it fulfils
desired objectives (perhaps with a possible performance
degradation) in the presence of non-critical faults in com-
ponents of the system (actuators, measurement devices
and/or plant). In general, FTC systems are classified
into two distinct classes Zhang and Jiang (2003): passive
and active. In passive FTC controllers are designed to
be robust against a set of presumed faults .And active
FTC systems, in contrast to passive ones, react to system
components faults actively by reconfiguring control ac-
tions, and by doing so the system stability and acceptable
performances are maintained. To achieve that, the control
system relies on the detection and isolation (FDI) Korbicz
et al. (2004); Witczak (2006, 2007) and accommodation
technique.There is also a need for designing an integrated
fault identification and fault-tolerant control strategy for
both linear and non-linear systems, because of the fact
that perfect fault identification is impossible to attain
in practical applications. Dealing with faults means also
dealing with constraints on control input, but standard
state feedback is often incapable of dealing in an efficient
way with such situations, so the use of model predictive
control (MPC) is also considered here Maciejowski (2002).
Additionally in normally defined MPC there is a problem
in guaranteeing stability, the survey paper on the subject
can be found here Mayne et al. (2000).
However due to computational complexity of the general
MPC, it could be impossible to use for fast enough sys-
tems, therefore there is a need to optimize the method.
One way to achieve it, is to use an adapted version of
fast MPC Wang and Boyd (2010) for Takagi-Sugeno (T-
S) fuzzy systems. Problem stated above with state dimen-
sion n, input dimension m and control horizon Tc takes
O(T 3

c (n + m)3 operations per step in an interior-point
method, but if special structure of the problem is exploited
then computational complexity is O(Tc(n + m)3. Since
interior-point methods require only a constant (and mod-

� The work was financed as a research project with the science funds
for years 2007-2010.

est) number of steps, it follows that complexity of MPC
is therefore linear, instead than cubic in control horizon.
Also if weight matrices QR and RR are diagonal, problem
is state control separable and there are box constraints
(as considered in this paper), then the overall complexity
is of order O(Tc(n

3 + n2m), which grows linearly in both
Tc and m. The further optimizations stems from using
warm start method, in which calculations are initialized
using predictions made in the previous step, which with
an appropriate choice of interior-point method can cut
number of steps required by a factor of five or more. The
last optimization is early termination of an appropriate
interior-point method, which even after a few iterations
can provide quite good control action. Although it is rec-
ommended that, if possible, for the very few first control
steps the number of iterations were higher than for the
rest of the optimization.
This paper is organised as follows. Sec. 2 presents back-
ground information about T-S fuzzy systems. In Sec. 3 an
improved design technique for an integrated FTC and fault
identification strategy for T-S fuzzy systems is proposed
that allows to include input constraints into FTC system.
Subsequently the input constraints for the FTC are consid-
ered, which are followed by the regulator problem for T-S
fuzzy system and description of the MPC adapted for the
proposed approach. The final part of the paper presents
a numerical example which shows the performance of the
proposed approach.

2. ELEMENTARY BACKGROUND ON T-S FUZZY
SYSTEMS

A non-linear dynamic system can be described in a simple
way by a Takagi-Sugeno fuzzy model, which uses series
of locally linearised non-linear models (see, e.g. Takagi
and Sugeno (1985); Korbicz et al. (2004)). A T-S model is
described by fuzzy IF-THEN rules which represent local
linear I/O relations of the non-linear system. It has a rule
base of M rules, each having p antecedents, where ith rule
is expressed as
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allows for control rates of few hertz, while on the contrary
fast MPC allows for control rate higher than 100Hz.
The comparisons of residuals zk = xf,k − xk on Figs. 3,
5, 7 clearly shows that a sub-optimal PDC control law,
that takes into account worst case scenario, is clearly
worse than either MPC method. It can bee seen that
for small order of fault magnitudes and control signal it
works fine, but when control inputs goes into saturated
state due to the faults, then the residual quickly rises,
which is understandable. If there is no clear redundancy
of actuators system, then the system will undoubtedly
diverge from nominal state at some time point. But it
allows almost 12 degree drop in temperature compared
to nominal state and although it allows for return of the
faulty system to its nominal state it does it very slowly
and the constant overall decline of the system can be seen.
Yet it should still be able to allow some time for system to
persist in this degraded performance state, and thus give
more time for eventual repairs. On the other hand both
MPC policies (the exact one being slightly better in overall
performance, but it hardly can be seen on the figures),
allows for much more confidence in FTC system. We can
see that in a worst scenario they allow only 4 degree drop
in temperature, which is three times better than control
achieved by only PDC control. It allows quite high rates of
return to nominal state and even allows for a short periods
of almost nominal (free of degraded performance) system
state, when the PDC control was clearly in a degraded
state.
As for a control trajectories seen on Figs. 2, 4, 6 it can be
observed that inputs are often in a saturated state. Where
there were no constraints involved all FTC strategies fared
well. But in a saturated case the PDC control is much less
active compared to either of MPC strategies. This is due
to a fact that PDC control law is added to nominal input
and fault correcting term, which could not be involved in
its design. Whereas both MPC methods take into account
current fault estimate and nominal input, which allows
them to use the system matrices to devise an optimal
control, permitting for correction of nominal input. It can
be clearly seen that some inputs fall below nominal control
input level. The difference in control strategies between
exact and fast MPC is hardly noticeable, though it can
be said that the fast MPC is somewhat less aggressive
(compare uf,k,1), but it should be noted also that faults in
this example where depending on current control action so
the exact realisation of faults scenario acting on a system,
where slightly different — the more aggressive control
action, then greater absolute value of fault. Nevertheless
as was mentioned above, both MPC strategies performed
with a very similar performance, but fast MPC allows for
much greater control rates and thus implementation of
FTC strategies for a greater number of systems.

5. CONCLUSIONS

In this paper, an active FTC strategy has been proposed.
This approach has been developed in the context of to
T-S fuzzy systems.The key contribution of the proposed
approach is an integrated FTC design procedure of the
fault identification and fault-tolerant control schemes. De-
sign procedure also allows to include input constraints into
FTC system. Fault identification is based on the use of an
observer. Once the fault have been identified, the FTC

controller is implemented as a state feedback controller.
This controller is designed such that it can stabilize the
faulty plant using Lyapunov theory and LMIs and allows
to minimize quadratic objective function similar. Lastly
there is provided a way of predictive fault tolerant control
of T-S fuzzy systems. Illustrative example for non-linear
system described by T-S fuzzy models is provided that
show the effectiveness of the proposed FTC approach.
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Abstract: In this paper a consensus based distributed recursive algorithm for real time change
detection using sensor networks is considered. It is shown how the consensus gains can be
designed by using linear programming. Cases of constant and random consensus gains are
distinguished. Convergence of the algorithm to the optimal centralized solution defined by a
weighted sum of the results of local signal processing is discussed. Simulation results illustrate
characteristic properties of the algorithm.
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1. INTRODUCTION

Signal processing using distributed sensors is a field of
growing interest, having in mind the low cost and increased
computational capabilities of sensors, as well as the avail-
ability of high speed networks connecting the sensors (e.g.,
Vishwanathan and Varshney (1997)). One of the typical
tasks of sensor networks is distributed detection. In the
case of detection of changes in the monitored environment,
it is often desirable to have a possibility to test the decision
variables in real time at any node in the network, and not
only at predefined fusion nodes.
There have been some recent attempts to apply con-
sensus techniques to the distributed detection problem.
However, the underlying assumption is that the dynamic
agreement process starts after all data have been col-
lected. In Stanković et al. (2009, 2007) algorithms for
distributed state and parameter estimation have been
proposed by combining local overlapping decentralized
estimation schemes with a dynamic consensus algorithm.
Decentralized fault detection and isolation observer based
on a combination of local observers and a consensus strat-
egy has been proposed in Ilić et al. (2010). In Stanković
et al. (2010) a distributed real time change detection
algorithm based on a consensus has been introduced. It
can be aimed at distributed fault detection based on the
obtained residuals from the aforementioned decentralized
observer but its design allows general application in the
field of distributed change detection via sensor networks.
Analogous algorithms for distributed detection based on
the “running consensus” methodology have been proposed
and discussed in Braca et al. (2008).

In this paper a consensus based algorithm for dis-
tributed change detection while monitoring the environ-
ment through a wireless sensor network is discussed
(Stanković et al. (2010)). Specific requirements regard-
ing consensus matrices that should be satisfied in order
to achieve convergence of the algorithm to the optimal
centralized solution are analyzed. It is shown how the

communication gains used by the algorithm can be ob-
tained by linear programming, starting from the selected
weights of local decision variables, for both constant and
random consensus gains. In the case of simple measure-
ment models, defined in the form of a sum of a parameter
and the measurement noise, the weights can be derived on
the basis of the a priori known local parameter jumps and
the measurement uncertainty.

The outline of the paper is as follows. In Section 2 a
distributed consensus based change detection scheme is
described. Subsection 3.1 is devoted to the convergence
analysis assuming constant consensus gains, while in sub-
section 3.2 the convergence results are extended to the case
of random consensus gains. Communication gains design
and simulation results are discussed in Section 4.

2. DISTRIBUTED CHANGE DETECTION
ALGORITHM

Consider a sensor network containing n nodes, where
each node collects locally available measurements and
generates at each discrete time instant t a scalar quantity
xi(t), i = 1, . . . , n, directly, or as a result of local signal
processing. We shall consider in the sequel {xi(t)} as
mutually independent stationary random sequences with
means E{xi(t)} = mi and covariances ri(τ) = E{(xi(t)−
mi)(xi(t+ τ)−mi)}. We shall assume that the network is
aimed at change detection purposes.

The simple model usual for the domain of hypotheses
testing is assumed: x = m + ε, where x = [x1, . . . , xn]T ,
m = [m1, . . . ,mn]T and ε = [ε1, . . . , εn]T , with ε ∼
N (0,Σ), where Σ = diag{σ2

1 , . . . , σ2
n}. Assuming that

m = θ0 = 0 in the case of no change and that m = θ1 =
[θ1

1, . . . , θ
1
n]T , where θ1

i > 0 for some i in the case of change,
we can calculate the log likelihood ratio for the data set
containing x(t), t = 1, . . . , N , and obtain

L(N) =
N∑

t=1

log
pθ1(x(t))
pθ0(x(t))

= θ1T Σ−1
N∑

t=1

(x(t)− 1
2
θ1) (1)
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(Ding (2008); Basseville and Nikiforov (1993)). Starting
from (1), one can apply the general methodology for con-
structing on-line change detection algorithms belonging to
the geometric moving average control charts (Basseville
and Nikiforov (1993)) and obtain the global decision func-
tion for the whole network, generated recursively by

sc(t+1) = αsc(t)+(1−α)
n∑

i=1

wixi(t+1), sc(0) = 0 (2)

where 0 < α < 1 is the forgetting factor and wi = kθ1
i σ
−2
i ,

with k = (
∑n

i=1 θ
1
i σ
−2
i )−1, are the components of the

vector wT = kθ1T Σ−1. It is important to notice that the
algorithm (2) requires a fusion center.

The considered consensus based distributed change detec-
tion algorithm (Stanković et al. (2010)) does not require
a fusion center and output of any preselected node can
be used as a representative of the whole network and
be tested w.r.t. a pre-specified common threshold. The
basic assumption for this algorithm is that the nodes of
the network are connected in accordance with an n × n
time varying matrix C(t) = [cij(t)] satisfying cij(t) ≥ 0,
i �= j and cii(t) > 0, i, j = 1, . . . , n, which formally repre-
sents the weighted adjacency matrix for the underlying
time varying graph representing the network, and that
C(t) is row stochastic for all t. The algorithm generates
the vector decision function of the network, denoted as
s(t) = [s1(t), . . . , sn(t)]T :
s(t+1) = αC(t)s(t)+(1−α)C(t)x(t+1), s(0) = 0. (3)

Notice that the consensus matrix C(t) performs “con-
vexification” of the neighboring states for each node and
enforces in such a way (under appropriate conditions) con-
sensus between all the nodes. In such a way, after achieving
the condition that si(t) ≈ sj(t), i, j = 1, . . . , n, change
detection can be done by testing si(t) for any preselected
i with respect to a given common threshold λc, provided
(3) gives a good approximation of sc(t) generated by (2).

3. CONVERGENCE ANALYSIS

3.1 Constant Consensus Gains

We start from the following assumptions:
A1) C has the eigenvalue 1 with algebraic multiplicity 1;
A2) limi→∞ Ci = 1wT .
Under A1), Ci converges when i tends to infinity to a
nonnegative row stochastic matrix with equal rows, e.g.
Olfati-Saber et al. (2007). Knowing w from the general
problem setting based on the centralized detection strat-
egy, we can construct C satisfying A2) by solving for C
the linear equation known from the theory of stationary
Markov chains

wTC = wT , (4)
under the constraints that: 1) preselected elements of C
are equal to zero (indication that there can be no commu-
nication between the corresponding nodes) and 2) matrix
C is row stochastic, satisfying the given assumptions.

The error vector between the vector s(t) and the state of
the optimal centralized scheme will be defined as e(t) =
s(t) − 1sc(t), where 1 = [1 · · · 1]T . Iterating (3) and (2)
back to the zero initial conditions, we obtain that e(t) =
(1 − α)

∑t−1
i=0 α

i[ϕ(t − 1, t − i − 1) − 1wT ]x(t − i), where

ϕ(i, j) = C(i) · · ·C(j), i ≥ j. The focus of the analysis is
placed on the error covariance matrix, defined as

Q(t) = E{e(t)e(t)T } − E{e(t)}E{e(t)}T (5)
and the following theorem (Stanković et al. (2010)) pro-
vides an insight into its asymptotic properties.
Theorem 1. Let assumptions A1) and A2) hold, together
with:

A3) maxi

∑t
τ=0 |ri(τ)| ≤ K; 0 < K <∞.

Then,
maxi,jQij(t) ≤ O((1− α)2),

where Qij(t) are the elements of Q(t) in (5).

3.2 Random Consensus Gains

The results from the previous section related to the case of
time invariant consensus matrices will be generalized here
to time varying random consensus matrices, case of sub-
stantial importance from the point of view of applications
of the proposed algorithms in real sensor networks.

We shall assume that the sequence {C(t)} is a sequence
of mutually independent identically distributed random
matrices independent from the sequence {x(t)}, such that
matrix C(t) is realized at each discrete time instant t as
matrix C(k) with probability pk, k = 1, . . . , N , N < ∞,∑N

k=1 pk = 1; the realization matrices C(k) = [c(k)
ij ], i, j =

1, . . . , n, are constant nonnegative row stochastic matrices,
satisfying c

(k)
ii > 0. The mathematical expectation of C(t)

is given by C̄ = E{C(t)} =
∑N

k=1 C
(k)pk.

We shall design the algorithm and analyze its convergence
using the following assumptions:
B1) C̄ has the eigenvalue 1 with algebraic multiplicity 1;
B2) limi→∞ C̄i = 1wT .
The design of the detection algorithm incorporates defi-
nition of the realization matrices C(k), together with the
corresponding probabilities pk. According to assumption
B2), we have to solve solve for pk and the elements of
C(k), k = 1, . . . , N , the following nonlinear equation

wT C̄ = wT
N∑

k=1

(I + C [i,j])pk = wT , (6)

where w ≥ 0 is a given weighting vector resulting from the
centralized strategy (2).

Error covariance matrix central for the convergence anal-
ysis in the case of random consensus gains is defined as
Q(t) = Eϕ{EX{e(t)e(t)T } − EX{e(t)}EX{e(t)}T } (7)

and the following theorem concerned with it can be proved.
Theorem 2. Let assumptions B1), B2) and A3) hold.
Then, in the case of random consensus matrices satisfying
the above assumptions

maxi,jQij(t) ≤ O((1− α)),
where Qij(t) are the elements of Q(t) in (7).

It is important to notice at this point that the result of
Theorem 2, when compared to the result of Theorem 1,
shows that randomness of the network causes an increase
of the error covariance, as it could be expected. Illustra-
tions of the resulting detection efficiency, which is still very
satisfactory, will be given in the next section.

Proceedings of the 8th ACD 2010 European Workshop on Advanced Control and Diagnosis 
Department of Engineering, University of Ferrara, Ferrara, Italy 
18-19 November, 2010

Regular Paper 
 

92



4. COMMUNICATION GAINS DESIGN AND
SIMULATION RESULTS

The starting point in the design of the communication
gains, for both constant and random consensus gains, is
the weight vector w. Based on the a priori known local
parameter jumps (θ1

i ) and the measurement uncertainty

(σ2
i ) its components are determined by wi = θ1

i σ−2
i∑n

i=1
θ1

i
σ−2

i

.

In the case of constant C communication gains are ob-
tained by solving the linear equation (4) under the fol-
lowing constraints: 1) elements of C = [cij ] are bounded,
0 < cij < 1; 2) C is row stochastic and 3) some elements
of C are zero (no communication between the correspond-
ing nodes where nodes represent, e.g., randomly spatially
distributed agents within the square area, nodes are con-
nected if their distance is less than some predetermined
threshold, in this case half of the side of the square).
Problem of finding the appropriate sequence {C(t)} in the
case of random consensus gains is more complex than the
one discussed above when C(t) = C. The setting of ma-
trices {C(t)} from previous section obviously encompasses
the asynchronous asymmetric gossip algorithm with one
message at a time; e.g., if the node j communicates to
the node i, the corresponding realization simply has the
form C(k) = I + C [i,j], where C [i,j] = [c[i,j]] is an n × n
matrix which contains zeros at all places except the (i, j)-
th place where it contains γij and the (i, i)-th place where
it contains −γij , 0 < γij < 1. Synchronous asymmetric
gossip algorithms can also be treated by constructing the
corresponding realizations in an appropriate way using
realizations C(k) with more nonzero off-diagonal elements.
Communication faults can be obviously modelled similarly,
by forming realizations C(k) in accordance with the struc-
ture of faults (see, e.g., Stanković et al. (2009)). Just to ex-
plain the main idea, let us consider a sensor network with
n = 3 nodes where every node is connected to the other
two. Assuming that we have the asymmetric asynchronous
gossip algorithm with one communication at a time, there
are N = 6 possible realization matrices C(k), k = 1, . . . , N ,
so we have C(1) = I +C [1,2], C(2) = I +C [1,3], C(3) = I +
C [2,1], C(4) = I +C [2,3], C(5) = I +C [3,1], and C(6) = I +
C [3,2]. Consequently, one obtains that C̄ =

∑N
k=1 C

(k)pk =⎡
⎣ 1− γ12p1 − γ13p2 γ12p1 γ13p2

γ21p3 1− γ21p3 − γ23p4 γ23p4

γ31p5 γ32p6 1− γ31p5 − γ32p6

⎤
⎦.

Solving the equation (6), compared to the problem in (4),
involves more degrees of freedom, and we have two options:
a) to adopt values of the probabilities pk - one can, e.g.,
set pk = 1/N , k = 1, . . . , N . In this case the resulting con-
straint is that the non-diagonal elements of C̄ are bounded
within the interval (0, 1/N) while diagonal elements are
bounded within (0, 1), the additional two are constraints
2) and 3) introduced above, holding for C̄ instead of C;
b) to adopt values of the elements of C(k), i.e., the set of
parameters γij . The first choice is to set all γij to one value
(the case when γij = 0.5 corresponds to the randomized
”gossip” algorithm, with the difference that there is only
one communication at a time (instead of pairwise com-
munication), leading to nonsymmetric consensus matrices
(instead of symmetric)). Now the additional constraint is
that the sum of all non-diagonal elements in C̄ is equal to
that common value of γij (as can be seen from the example

above), the other three constraints are those corresponding
to the case when C(t) = C, holding for C̄ instead of C.

From the point of view of application of the proposed
algorithm in real sensor networks the case a) corresponds
to the case when possible communications between the
nodes occur with some predefined probabilities (e.g., each
possible communication occurs with the same probability)
while the case b) encompasses situations where the nodes
send their data with some predefined weights each time
communication occurs (e.g., whenever communication oc-
curs nodes send their data with the same weights). More
degrees of freedom in (6) allow addition of a constraint that
all columns (or rows) in C̄ have equal elements (excluding
diagonal elements). In practical applications this means
that all possible communications when a node sends (or
receives) data happen with the same probabilities or, alter-
natively, with the same weights. As can be seen, different
ways of design of a sequence {C(t)} open up many new
possibilities for the design of sensor networks in practise.

Sensor network with n = 10 nodes is considered in the
simulation, where the means θ1

i are randomly taken from
the interval (0, 1], and variances σ2

i randomly taken from
the interval [0.5, 1.5] (θ0

i = 0 in the case of no change),
i = 1, . . . , n. Communication gains in the case of constant
C are obtained by solving the linear equation (4), as
described above. For the random consensus gains case the
sequence {C(t)} was obtained by putting all γij to be
0.5 (one can also, using the above described methodology,
adopt values of pk), with the addition that all columns in
C̄ have equal elements (excluding diagonal elements). We
analyze properties of the proposed algorithm w.r.t. forget-
ting factor α and cases of constant and random consensus
gains are distinguished. The moment of change is chosen to
be t = 200. The algorithm effectively achieves very similar
behavior of all of the nodes, with local decision functions
getting closer to the global decision function as α → 1.
In Fig. 1 one realization of the global decision function is
given by magenta line, together with the decision function
of one randomly selected node (blue line) for α = 0.9 and
α = 0.99; case of constant consensus gains is shown on
the left while case where consensus gains are random is
shown on the right. In addition, in Fig. 2 mean ± one
standard deviation of the global decision function is given
by dashed lines, together with the decision function of one
randomly selected node (solid line). In accordance with the
convergence analysis in the previous section, the introduc-
tion of randomness into consensus matrices increases error
covariance. Nevertheless, the resulting detection efficiency
is still satisfactory (for α close to 1), as can be also seen
from Fig. 3 where estimation of the distribution of detec-
tion times (the moment of change is t = 500) is given for:
global decision function (up), case of constant C (middle)
and random consensus gains case (down).
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Fig. 1. Decision functions for one node (blue) and global
(magenta) - one realization. Constant consensus ma-
trix C - left; random C(t) - right.
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Fig. 2. Decision functions for one node (solid lines) and
global (dashed) - mean ± standard deviation. Con-
stant consensus matrix C - left; random C(t) - right.
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Appendix A. CONSENSUS GAINS - NUMERICAL
EXAMPLES

One realization of a sensor network from Section 4 gives
the weights wT = [10.09 0.8 8.08 14.53 1.75 27.47 7.64 3.05
10.72 15.87] · 10−2. The obtained consensus matrix C(t) =
C for one realization of spatial distribution of sensors is⎡
⎢⎢⎢⎢⎢⎢⎢⎣

44.49 0 9.79 9.78 4.34 16.29 7.34 0 7.96 0

0 24.67 44.63 0 30.71 0 0 0 0 0

14.12 4.54 23.94 0 8.97 48.44 0 0 0 0

6.89 0 0 16.08 0 27.71 10.13 0 12.07 27.13

28.01 13.51 39.05 0 19.43 0 0 0 0 0

4.23 0 14.99 15.16 0 42.63 8.24 5.12 9.64 0

11.61 0 0 19.23 0 27.21 14.27 11.49 16.19 0

0 0 0 0 0 46.69 28.12 25.19 0 0

8.62 0 0 16.54 0 24.92 11.29 0 13.27 25.36

0 0 0 23.97 0 0 0 0 18.00 58.03

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
· 10−2

It can be easily verified that limi→∞ Ci = 1wT . In the
case of random consensus gains the obtained mathematical
expectation C̄ of C(t) is⎡
⎢⎢⎢⎢⎢⎢⎢⎣

92.48 0 0.87 1.56 0.19 2.94 0.82 0 1.15 0

0 98.95 0.87 0 0.19 0 0 0 0 0

1.08 0.09 95.70 0 0.19 2.94 0 0 0 0

1.08 0 0 92.31 0 2.94 0.82 0 1.15 1.70

1.08 0.09 0.87 0 97.97 0 0 0 0 0

1.08 0 0.87 1.56 0 94.20 0.82 0.33 1.15 0

1.08 0 0 1.56 0 2.94 92.94 0.33 1.15 0

0 0 0 0 0 2.94 0.82 96.24 0 0

1.08 0 0 1.56 0 2.94 0.82 0 91.90 1.70

0 0 0 1.56 0 0 0 0 1.15 97.30

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
· 10−2

One can easily verify that limi→∞ C̄i = 1wT , and that
sum of all non-diagonal elements is equal to 0.5.
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Abstract: The paper reports an innovative extension of the possibilities concerning monitoring, planning, 
control and diagnosis for mobile robots in production systems. This extension is realized through the 
integration of monitoring, planning, control and diagnosis in a well-considered concept and through 
vertical connection with supervising industrial levels and direct control system of the mobile robots. The 
developed exemplary application is based on a kinematic-dynamic prediction model which makes use of 
data collected in a common database and sends request for decisions to higher levels when it is necessary. 
The levels mentioned above form a hierarchical IT-structure which main purpose is increasing system 
efficiency and reliability by ensuring the best possible data flow as well as data processing. In this paper 
ways of increasing the performance of the control system operation of mobile robots, methods of 
information collecting and methods of sharing them in the entire structure are described. Furthermore 
ways of cooperation for the particular applications are considered. Finally, an example of using data in 
the robot prediction model, which was collected in the system during task planning and testing, is 
presented.   

Keywords: mobile robot, torque/position control, predictive control, diagnosis, monitoring. 

 

1. INTRODUCTION 

1.1 Paper content  

The presented research is based on the integration of the 
production system IT-infrastructure based on mobile robots 
as they are frequently used in production companies. The 
main emphasis is placed on ensuring the information flow as 
appropriate as possible. This flow is realized among all 
infrastructure components in order to enable high 
optimization possibilities of the system operation. The 
proposed sensible structure of the system is described in 
Section 1.2. Section 2 presents possible extensions of the 
system performance compared against the state of the art. 
Section 3 describes one exemplary system operation cycle in 
order to elucidate the main ideas behind the advanced control 
and diagnosis concept. The scenario is concentrated on the 
complex energy consumption optimization of multiple robots 
while the trajectories and driving behaviours are being 
predicted.  

1.2 Industrial IT infrastructure – description  

The highest position in the IT-structure (Fig.1) of production 
companies is usually the process and business Management 

level which consists of programs supporting resource 
management, customer and supplier relations and product 
management. The main task of this level is creating analyses, 
supporting business decisions, parameters tuning and 
activities planning. On this level system Enterprise 
Resource Planning (ERP) is often applied, its main task is 
centralization of the data in one place in order to effectively 
use them. ERP connects data come from various applications 
working in different functional areas such as finance, 
marketing and sales, human resource and manufacturing 
applications in order to ensure proper communication in the 
Business Management domain. The next lower level includes 
Process Control Systems which connect production and 
business management areas. Those systems are responsible 
for performing production plans. That level consists of 
various applications of supervision systems and production 
visualization. The main tasks of those systems are 
supervision and management of technological processes. 
MES (Manufacturing Execution Systems) use systems, 
technologies, applications, electronic devices and automation 
elements. This enables collecting data directly form 
production and transfer to the Business Management field. In 
order to enable communication between all levels the use of 
an uniformed and unified communication standard is 
common. OPC (OLE - Object Linking and Embedding - for 
process control) is an open communication standard used in 
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industrial automation and in information systems for Process 
and Business Management. OPC allows using uniformed 
access methods and data descriptions (interface) for 
technological processes. Those methods are independent of 
type and data source. For many packages applications server 
OPC supplies data in a uniformed way from devices 
controlling and supervising the technological process. The 
OPC mission is the definition of the common interface which   
once made can be used by any business client, SCADA 
applications, HMI or any other application packages. The use 
of that standard eliminates necessity of special driver 
implementations in order to allow access to process data for 
any other software. If a server OPC will be created for a 
specific device, it can be also used again by any other 
application which is an OPC client.  

The specific concept presented in this publication can be 
found on the third level. Here a system is located which 
integrates Monitoring, Planning, Control and Diagnosis
(MPCDS). The main task of this system is the supervisory 
control of a highly flexible manufacturing system based on 
mobile robots. This system must have the possibility to easily 
connect to the existing structure. There is no necessity to 
create separate systems collecting data from individual 
devices, Business Management department etc. Those data 
can be taken using the unified standard OPC which is widely 
used in industry. Basing on the computations results the 
MPCD system supplies necessary parameters for the 
movement planning level as well as reports for Process and 
Business Management and Process Control Systems.  

On the three lower levels the task and trajectory planning
for mobile robot systems and individual robots can be found, 
as well as the individual mobile robots including their own 
distributed intelligence and a simplified mathematical 
(kinematic and dynamic) model of their behavior and the 
single device which also may dispose of their own local 
intelligence in the sense of ubiquitous computing. 
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Fig. 1. Hierarchical industrial IT infrastructure. 

2. STATE OF THE ART 

2.1 Autonomous driving 

Autonomous vehicles (also called AGV (autonomous guided 
vehicles)) are vehicles driving mostly on wheels which can 
perform complex tasks in real environments and work for an 
extended period of time without human guidance. For the 
sake of simplicity in this publication such autonomous vehi-
cles will be referred to as ”mobile robots”. Different mobile 
robots can be fully or partially autonomous. The required 
degree of autonomous operation is defined by the place of 
operating; the highest degree of independency is desired in 
inaccessible environments where human assistance is par-
ticularly inconvenient (small spaces, harmful environments) 
or even impossible e. g. space exploration missions. Mobile 
robots working autonomously must also avoid situations 
when they could be dangerous especially while interacting 
with humans, but also have to avoid collisions with sur-
rounding objects, other robots and also have to avoid dam-
aging themselves. Nowadays a number of intensive 
researches in the domain of autonomous driving for wheeled 
mobile vehicles are carried out. Very extensive and 
interdisciplinary knowledge was complied in these works. An 
overall view of the complex functional structure of the design 
and development of intelligent mobile robots is presented by 
e. g. Yavuz (2007) and Ziemniak et al. (2009a). Usually 
researchers are focused on one selected issue, considering it 
in various aspects and applying various methods to solve 
problems in different applications regions. In order to 
describe the latest directions in this field we can divide this 
domain into a few main branches like perception, 
localization, planning and navigation. The following part of 
this section is structured according to these branches.  

The notion Perception summarizes that mobile robots take 
information about the environment by means of measure-
ments using various kinds of sensors and methods of meas-
uring. Crucial to proper estimation of the distance are meth-
ods and algorithms to extract information from those meas-
urements. It is necessary to pay attention for difficult noisy 
data filtering given by sensors Holland (2003). A very good 
overview can be found in Sigewart et al.(2004) and more 
detailed information about many kinds of the sensors which 
have application in mobile vehicles in Borenstein et 
al.(2004). In this field we can find applications for a wide 
range of knowledge such as signal analysis and specialized 
bodies of knowledge such as computer vision to properly 
employ a multitude of sensor technologies.  

Under the notion Localization the fact that mobile robots 
need to exactly determine their position in the environment in 
order to ensure performing the task is considered. That prob-
lem has received high research attention and, as a result, con-
siderable advances have been made on this field. It is neces-
sary to involve computer algorithms, information theory, arti-
ficial intelligence and probability theory in order to find the 
position of the vehicle effectively.  

Many approaches have been proposed for solving Planning 
and Navigation problems for single mobile robots as well as 
multiple mobile robots which interact as multi agent systems 
Tian-Tian et al. (2008). Two main branches dealing with ro-
bot movement can be distinguished – the first focuses on path 
planning problems and the other one on obstacle avoidance. 
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Path/motion planning is a strategic problem-solving compe-
tence. An application implemented in the robot’s control 
system has to calculate trajectories to enable to reach the goal 
position as efficiently and reliably as possible. In order to 
drive the vehicle must follow the previously planned path 
which could be optimized considering different aspects (e.g. 
by means of costs functions) such as minimum time, energy 
consumption, etc. (Posedlowski et al. 2001), (Hahour (2008). 
Important are also physical limitations – acceleration limits 
caused by limited friction force between the ground and 
wheels (Lopetic et al.2003) or limitations of the acceleration 
and centrifugal forces which help saving energy and also help 
lowering uncertainties related to the robot movement and 
secure transported materials (Ziemniak et al. 2009b). The 
second competence is obstacle avoidance because a vehicle 
must, on the basis of information given by sensor readings, 
change/modulate its trajectory in real time in order to avoid 
collisions. Often a separation of planning and navigations 
problems seems not to be suitable because they are strongly 
connected to each other (Sigewart et al. 2004). 

2.2 Monitoring, planning, diagnosis and control 

Monitoring is a process consisting of the data collection 
from the entire industrial production system. It includes con-
tinuous measurements as well as reading and processing of 
data which is received from the mobile robot’s sensors (and 
additional sensors i.e. cameras mounted on the walls). More-
over data is collected also by cooperating with the devices of 
the mobile robots. Considerable attention is paid on taking 
advantage of existing sensors measurements instead of fitting 
additional ones. One can extend monitoring if all actuators 
are used as sensors and are combined with advanced model 
based methods. In the case of many devices monitoring is a 
function of its own. For this reason it is very often necessary 
to collect the information and than send it to an appropriate 
place. The data is recorded for subsequent decision process in 
diagnostic expert system (Pieczynski 2003). The Diagnostic 
application consists of appropriate computational tools for 
detecting information from the stream of the data received 
form the monitoring. That level also supervises actual state of 
the task completion. The monitoring in case of mobile robots 
provides data to enable the optimization of the entire system 
operation and in general for the sake of increasing safety, 
availability and reducing energy consumption. Information 
which provides monitoring is used on each level of industrial 
IT infrastructure.  

Planning is the theoretical (pre-)processing of future activi-
ties and is probably the essential management function. Man-
aging departments need to plan all resources such as raw 
materials, external parts, personnel and all equipment in-
cluding mobile robots in order to produce effectively and 
efficiently. 

Diagnosis is usually understood as the process of estimating 
the object condition. Diagnosis is carried out by the estima-
tion of important parameters and the determination what 
should be done in case when faults occur. It is possible to 
increase the meaning of the notion “diagnosis” if this level 
has both communication with the higher levels and access to 

all data which an advanced monitoring system is able to pro-
vide. Ensuring a suitable vertical information flow (see Fig. 
1) this level is able to make more complex analyses. The di-
agnosis application has functions/tools to extract relevant 
information from entire industrial system and then to make 
appropriate decision or send reports to the right places. 
Moreover, the goal of an advanced diagnostic application is 
to check continuously how the system works instead of just 
checking if and what is wrong. This application is then able 
to supervise a system during normal work conditions. In that 
way the data collected before is used to verify if changed 
values of the measured parameters are caused by occurrence 
of the fault or normal gradually device wear. The advanced 
functions of diagnosis provide also information about incor-
rect behaviour of devices cooperating with mobile robots e. g. 
inaccurate load positioning on the mobile robot platform. In 
some cases that level needs to communicate with higher lev-
els to ask which decision proposal should be chosen or ask 
for new task parameters for the mobile robots. In this case 
diagnosis is a supervising and decision process. The one of 
main tasks in the more conventional approach to diagnosis is 
fault detection. Applications of autonomous mobile robots 
have high requirements for reliability and safety. Fault diag-
nosis can be a critical task for mobile robots, especially when 
the vehicles operate in a hazardous and difficult to reach en-
vironments such as planetary rovers or while interacting with 
the human both in industrial tasks and traffic in the urban 
environment. It is possible to divide diagnosis into fault de-
tection systems and fault tolerant systems. A fault tolerant 
control (FTC) system is a control system which enables to 
continue the operation in case of the expected occurrence of a 
fault. It is possible to reduce performance (drive abilities) and 
then the system is able to continue the task instead of failing 
completely, while some part of control system or hardware 
fails. Many FTC methods have been recently developed and 
many are based on active (analytical) systems called model 
based fault detection and isolation (FDI) scheme and are 
based on analytical redundancy. Those systems called high 
level protection systems are based on precise diagnostic in-
formation about the state of the system. Underlying is a on-
line process and a control reconfiguration mechanism. Ad-
vantages of that FTC system are introduced e. g. by 
Kościelny et al. (2006). For purposes of robot’s diagnosis 
advanced methods are used. Algorithms are based on analyti-
cal-mathematical model, heuristic (expert’s knowledge or 
learning machines methods), artificial intelligence (neural 
networks, fuzzy logic) as well as on hybrid models which 
contain all mentioned methods (Merzouki et al. 2010). For 
our further investigations we use appropriate methods for 
robust and efficient real-time diagnosis which are proposed 
by Freitas et al. (2004). The analytical methods to create a 
diagnostic system, such as Kalman filtering and particle fil-
ters which are used widely in robotics are proposed by our 
research group in Zając et al. (2008). An artificial intelligence 
method using neural networks is also introduced in Zajac et 
al. (2009).  

The notion Control is used in the sense of the regulation. It 
relies on adjusting input signals sent to the controlled ob-
ject/structure in order to achieve the desired level of the out-
put signal. Input values are estimated in the theoretical model 
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of the object. Control can be performed in open loop where 
input signals are dependent only on the predicting method. 
However, in engineering often systems working with feed 
back are used. Those systems are equipped with sensors 
which measure outputs signals and allow respecting those 
measurements in predicting process. On the base of the data 
collected by the sensors controller regulate a variable at a 
setpoint or reference value. In case of an autonomous guided 
vehicle motor outputs are modulated. It is done in order to 
improve the efficiency of the usage of energy, the robustness, 
the drive abilities and finally in order to achieve the desired 
trajectory (Lamon et al. 2004). 

2.3  Safety of human beings 

This section discusses the safety of human beings as this the 
most crucial concern for diagnosis and control of mobile ro-
bots. While AGV are increasingly becoming a part of usual 
industrial environments it is important to ensure the safety of 
human beings which have to interact with them. The safety of 
human beings has to be taken into consideration on each de-
velopment level. On the stage of mechanical designing the 
design has to be optimized in order to decrease the risk of 
injury in the event of accident. Then vehicle’s control system 
has to meet high requirements. In case the safety depends on 
the correct operation of control subsystems such as Electrical, 
Electronic or Programmable Electronic (E/E/PE) then the 
related system has to fulfill functional safety. The norm IEC 
(The International Electrotechnical Commission) 61508 
specifies 4 levels (Safety Integrity Level SIL) of safety per-
formance for a safety function.  

It is one of the most prominent goals of diagnosis to find a 
fault and to aid the control system to make a decision how to 
perform further parts of a given task also regarding safety. 
Additionally it is possible to provide information for higher 
levels, what will make it possible to prevent the occurred 
dangerous situation in the future. It is necessary to take into 
account the human presence while paths for mobile robots are 
planned. In many cases “Double Safety” in the control sys-
tems is used. The most often Double Safety is demanded 
when the probability of occurrence of significant damages is 
present if a failure of the device would happen. When double 
safety methods are required, usually it is necessary to equip 
the respective device with two independent control systems 
or at least it is necessary to double some control circuits. That 
method is also used for storing data. It means that all data is 
stored in two places simultaneously in order to avoid loss of 
important data. It is necessary to comply with the legal regu-
lations. AGV have to fulfil the conditions which contains 
requirements to structure such as electrical or protective 
equipment i. e. to cover norms of International Standard Or-
ganization (ISO) e. g. safety of the motion (ISO 10218) 
(2006).  

2.4  Actuators as sensors 

Large expenditures for diagnosis can be saved if actuators are 
directly used as sensors. An actuator is typically the me-
chanical or electromechanical device which converts energy 

into motion or applies a force. A sensor is the physical tool 
that measures physical quantities. It sends the information in 
a form possible to read by the converter and next to the 
measuring device. The most popular sensors deliver informa-
tion in the form one of the electric quantities voltage, resis-
tance or intensity. There are approaches in the literature using 
direct measurements of applied signals for actuators. These 
approaches are made in order to get information about ac-
tuator’s state of work. The mobile robot drive motors can be 
controlled by special electronic control units. Those units 
control torques of the particular motors by adjusting suitable 
current and voltage. For this reason those units must measure 
both mentioned parameters. Thus it is possible to read appro-
priate data from these control units instead of measuring it 
again. For this purpose it is not necessary to integrate addi-
tional sensors and electrical circuits but is enough to adapt an 
appropriate application controlling the mobile robot. The 
advantage of using actuators as sensors is the possibility to 
ensure delivering additional information to the entire control 
system without making the system more complex. Usually in 
that way actuator load is measured. One example of using 
this method is described in Washington et al. (2000). 

3. EXAMPLE OF THE SYSTEM OPERATING CYCLE 

In the previous sections, possibilities of enhancing the system 
efficiency as well as ways of improving the gathering and 
processing of data were described. This section describes one 
example of a task performed by a mobile robot. This descrip-
tion is focused on explaining the cooperation between the 
robot’s control system and the IT-Infrastructure. Presented 
are the stages of the essential data received for computation 
and testing in the mathematical robot’s model.  In those steps 
the optimization of the trajectory and the energy consumption 
is the major task. Considered in this prediction process are 
safety issues (compare section 2.3) in case of receiving the 
warning signal from MPCDS level or disruption in commu-
nication between the robot and the supervising MPCDS level. 
The first part of the presented solution takes into the consid-
eration especially the important role of the management sys-
tems ERP and MES. In particular this solution disposes of 
possibilities of long-term supervision, parameterization and 
robot’s motion optimization respecting management mis-
sions. Additionally the safety of the diagnostic system is 
thoroughly considered in order to be able to store the data 
about robot’s operation according to the industrial software 
engineering safety norms. The core of this system is called 
MPCDS (Monitoring Planning Control Diagnosis System). In 
the example, the respective task is given by the MPCDS us-
ing the following parameters: distance, time (production cy-
cle) and also current values of the parameters: maximum ac-
celeration change, acceleration, maximal velocity, friction 
coefficient between ground surface and the robot’s wheels. 
These data are sent to the robot’s mathematical model and 
tested before sending it to the direct control system of the 
particular drive unit. In the first step, the possibility of per-
forming this task is tested (feasibility test) and then as the 
second and last step the real mobile robot performs the task. 
In this example energy consumption is optimized which is 
especially important for battery powered systems such as 
usual AGV. 
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3.1 Schematic operation of the robot control system  

The application checks at the beginning whether the mobile 
robot is able to perform task received from MPCDS level 
(Fig.2).  
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Fig.2. Testing of the task in the robot’s model.

This check is possible by processing the received data in the 
robot’s dynamic-kinematic model. The model allows gener-
ating expected behaviours of the real robot. When the given 
parameters have higher values than the required maximal 
values the application computes robot’s motion parameters 
(Fig.3). 
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Fig. 3. Generating parameters of the motion. 

After the preliminary task verification the next stage of the 
program is used for testing and performing highly dynamic 
behaviours of the mobile robot (Fig. 3). The predefined in-
dustrial definitions of the short-term motor states are used. 
The result of this stage is set of predicted motors’ torques in 
the dynamic-kinematic robot’s model (Fig. 4). In the subse-

quent step the parameters are sent to the real robot. This step 
may also, if it is necessary decide to interrupt the currently 
performed order and as a second activity ask the application 
MPCDS to change the task. 
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Fig. 4. Computing the final motor torques. 

The next step (Fig.5) is used for modelling, analysing and 
testing robot’s behaviours while the task is performed. The 
main part of the task consists of the correction of the robot’s 
trajectory. It is done in the case of disturbance such as pres-
ence of other robots or human beings or slipping of the 
wheels. Parameters used in this step to define dynamic states 
tentatively taken from MPCDS are dynamically updated. 
This updating is done every 60s. 
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Fig 5. The modelling, analysis and test of robot’s behaviours. 

The next step (Fig.6) is used in order to ensure safety in the 
technological process. This steps offers additional protection 
in case of disruptions in the real robot’s operation. The main 
emphasis is placed on the safety task division between the 
central intelligence (central dynamic-kinematic robot’s 
model) and the local intelligence (the real drive unit). 
In the last stage (Fig.7) the long-term verification of the as-
sumed optimization process is carried out. The peculiarity of 
the proposed solution is visible in the holistic usages of safety 
software engineering by means of the MPCDS also integrat-
ing ERP systems and MES. 
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Fig.7. Long-term verifications. 

4. SUMMARY 

The core objective of the presented research activities is the 
realisation of extensions of the current possibilities concern-
ing monitoring, planning, control and diagnosis of mobile 
robots in production systems as an example for complex in-
dustrial systems. The main result is a hierarchical concept 
and the exemplary realisation of a monitoring, planning, 
control and diagnosis system (MPCDS). This supervisory 
system is under development and requires further 
investigations in order to make an appropriate connection 
among particular applications as well as to ensure 
cooperation with other levels in the considered IT 
infrastructure. 
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diagnosis

Stefan Kleinmann*, M. Fairusz Abdul Jalal**,
Ralf Stetter**

* Allweiler AG, 78315 Radolfzell, Germany (e-mail: S.Kleinmann@allweiler.de).
**Hochschule Ravensburg-Weingarten, 88241 Weingarten, Germany (e-mail: stetter@hs-weingarten.de)

Abstract: This paper describes the development of a model of three-spindle pumps. Such pumps are 
used in many application areas such as power generation. The model serves for the simulation of pump 
systems and will be applied in future steps in a simplified form in the control of pumps in order to allow 
advanced techniques of monitoring, planning, control and diagnosis. For this purpose a hierarchical 
concept for monitoring, control and diagnosis was developed in connected work (Kleinmann et al. 2010).  
The presented model is a core element of the future system. The results were found in a joint project of a 
leading pump system manufacturer and three universities in Germany, Poland and Switzerland.

Keyword: Monitoring, Planning, Control, Diagnosis, Pump Systems

1.  INTRODUCTION

The functionality of the screw spindle pump did not change 
much since the beginning of its creation and it is widely used 
in industry. Several investigations in Europe have shown that 
most pump systems in industrial applications still do not 
dispose of any control system and that up to a third of the 
energy used could be saved by means of intelligent control 
systems. According to a study from the „Energy Information 
Administration“ from the year 2007 the global demand for 
electrical energy will be twice as high as today by the year 
2030. About 4 % of the energy generated worldwide is used 
to transport fluids. In Germany electrical motors account for 
about 70% of the industrial electrical energy demand, about 
30% of these are used to drive pumps and pump systems. 
However, still the efficiency plays a minor role in connection 
with pumps and pump systems (Friedl 2007).

Many pump systems have the potential of considerable 
energy conservation. Mainly systems are concerned with 
their ability to operate at several different work points 
(relation between volume/pressure and delivery volume). For 
this purpose certain work points must be given either by a 
machine control or by a leading vantage point or an adaptive 
control (i.e. a control which reacts independently on 
divergent operating conditions) has to be realized. 

In particular, revolutionary changes require extensive control 
concepts. A special requirement in this case is the claim to 
develop a system without sensor, i.e. the available 
components - pump and electrical motor should operate as 
"sensors". 

Today, a wide range of advanced fault detection and 
diagnosis systems are available, especially for pumps. A
concept describing the sensible application of these systems 
is sought and the derivation of suitable feedback is aimed at 

which will lead to direct customer advantages in later stages. 
The researched system should be independent from the pump 
dimensions and, as far as possible from the pump design. The 
system should give information about how the pump “is”, i.e. 
how the different physical measuring dimensions must be 
gathered and be interpreted. 

The screw spindle pumps are available as one spindle 
(eccentric pump), two spindle or multi spindle variants and 
their applications depend on the field or process purposes
(Vetter 1987). In general, the screw spindle pump is widely 
used in diesel engine applications and burner industries as a 
transfer pump for transporting heavy and light oils, all kinds 
of lubricating fluids, waste oil, residual oil, grease, also little 
abrasive components or contaminates. Furthermore, the 
screw spindle pump is also extensively used in chemical and 
petrochemical industries as a transfer pump for all 
lubricating, non-lubricating fluids from low to high viscosity 
such as lube oil-, crude oil-, tar-, with contaminates, grease-, 
resin-, adhesive-and glycerin products.

From the design point of view, the multi spindle pump
consists of two or more spindles which are enclosed by a
housing casing. In the case of the three screw spindle pump, 
the rotating elements are only one active spindle and two 
idlers or passive spindles. The profile geometry of the active 
and passive spindles creates sealed and enclosed chambers. 
When they rotate, the driving spindle closely meshes with the 
passive spindles in the pump casing, which tightly surrounds
the complete spindle set, creating series of cavities, trapping 
the liquid and moving it axially from suction to discharge 
side. Theoretically, this principle provides a continuous and 
pulsation-free flow without agitation of the fluid. 

Figure 1 shows the cross sectional view of a three screw 
spindle pump and its important elements.
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Fig. 1. Three screw spindles pump

2.  STATE OF THE ART

The overview of the functionality of pump as well as its 
operating behavior is described by Faragallah & Surek 
(2004), Stiess (1966), Schulz (1977), Feindeisen & Findeisen
(1994) and Krist (1991). Furthermore, Faragallah & Surek 
(2004) and Henkelmann & Sippel (1988) show the 
application of different types of pumps and also give 
examples of the empirical basic calculations of the three 
screw spindle pumps to determine flow rate, power 
consumption, efficiency and NPSH-values. 

As stated in Wincek (1992) and Körner (1998), the 
mathematical model of the displacement pump and motor 
that have been developed by Schlösser (1961), describe the 
influence of media viscosity and density to the volumetric, 
mechanical-hydraulic and total efficiency of pump. The 
model is based on identification of the pump leakage loss. 
The leakage loss consideration will be divided into two cases. 
For the first case, the leakage loss is determined by the 
influence of media viscosity. For the second case, the leakage 
loss is considered to be dependent on the media density. The 
working point characteristic and the power consumption of 
the screw spindle pump are determined by introducing a loss 
factor. 

However the result from the mathematical model by 
Schlösser (1961) is slightly different from the real behavior 
of the pump. One of the reason is that Schlösser considers 
that the pump behaves elastically and therefore the size of the 
leakage gap is calculated as a variable (not as a constant 
value) in the mathematical model of the pump. Other 
research work of Schlösser & Hilbrands (1963) is 
concentrated on determination of theoretical displaced 
volume, volumetric efficiency, mechanical-hydraulic 
efficiency and total efficiency of displacement pump.

Moreover, as stated in Körner (1998), Wilson (1950)
develops a connected mathematical model for flow rate 
calculation of displacement pump and motor through 
observation of leakage loss with consideration of the dynamic 
viscosity of the media. Hammelberg illustrated in Wilson 
(1950) the characteristic of pressure distribution in the screw 
spindle pump, spindle- profile as well as the resulting spindle 
bending for the two screw spindle pump. The spindle profile 
which has been used is spur gear with helical thread. The 
common screw profiles are involute or cycloid screw shape. 
Other than that, Hammelberg formulated a procedure to 
calculate power consumption of pumps (Hammelberg 1968).

Wincek (1992), Körner (1998), Schmidt (1999), Rausch 
(2006) and Etzold (1993) described the mathematical model 
of two screws spindle pumps for multi phase application. For 
the first step, Wincek (1992) and Körner (1998) formulated 
the mathematical model by considering a one phase liquid 
and then extending the mathematical model to multi phase 
application. Furthermore, Wincek (1992), Körner (1998), 
Sabine Schmidt (1999), Rausch (2006) and Etzold (1993)
illustrated the total leakage losses as the sum of losses 
through radial gap, circumferential gap and spindle rotation. 
The leakage losses model considers the flow from chamber to 
chamber under consideration of the back flow behavior. 

The three screw spindle pump is not extensively being 
researched and the mathematical equations that describe the 
three screw spindle pump are merely a black box 
consideration without any details like back flow 
consideration from chamber to chamber as in two screw 
spindle pump model by Wincek (1992), Körner (1998), 
Schmidt (1999), Rausch (2006) and Etzold (1993).

3.  DEVELOPMENT OF THE MODEL

The calculation of flow using a detailed cross section area 
between the spindles is briefly described by Faragallah & 
Surek (2004). The cross sectional areas are calculated by 
considering rectangular and cycloid screw thread forms. The 
mathematical model for three screw spindle pump is derived 
accordingly. The mathematical equation based on cycloid 
cross sectional areas will be described in the following 
subchapter. 

3.1 Screw spindle pump with cycloid screw thread shape
consideration

The cross section of the screw spindle pump with cycloid 
screw thread shape consideration is illustrated in Figure 2.

Fig. 2. Cross sectional area of the three screw spindle pump 
with cycloid screw shape consideration
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The theoretical volume thV  can be determined through the 
free area cA and the spindle pitch sh :

( )th c s 1 2 3 4 5 6 sV A .h A A A A A A h= = + + + + + (1)

The pitch sh describes the displacement of the thread by one 
full spindle rotation. The relationship between pitch angle α
and inner diameter of the active spindle ad can be expressed 
as (Wincek 1992), (Schmidt 1999):

s

a

htan
d .

α
π

= (2)

The total cross sectional area of the screw thread cA , is 
determined either graphically or mathematically. The further 
assumptions of cycloid screw shape design are according to 
Faragallah & Surek (2004). The outer diameter of passive 
spindle pD is equal to the inner diameter of the active 

spindle ad :

p aD d= (3)

The relationship between the outer diameter of the active 
spindle aD , the inner diameter of the active spindle ad and 

the inner diameter of the passive spindle pd , which has been 
described in Faragallah & Surek (2004), are:

a a

p a

D D 5
D d 3

= = (4)

p

p

D
3

d
= (5)

The relationships in the equations (4) and (5) have also been 
confirmed to be the same which are currently used by the 
design teams of Allweiler AG for describing the screw 
spindle pump design parameters. 

The cross sectional areas of the active spindle aA , the passive 

spindle pA and the pump housing hA according to Faragallah 
& Surek (2004) are:

2
a pA 1.26787D= (6)

2
p pA 0.42832D= (7)

2
h pA 3.36757D= (8)

Therefore the calculated free area cA between the spindles 
and the pump housing is:

( ) 2
c h a p pA A A 2A 1,24307D= − + = (9)

Hence the theoretical volumetric flow thV of three spindle 
screw pump with cycloid thread shape is:

2 3
th p s pV 1.24307D .h 4.14357D= = (10)

And the rate of flow thQ can be described as:

th th 2Q V .n= (11)

As already stated in equation (2), the screw pitch sh can be 
reformulated in terms of the pitch angle α as:

s a a
3h d . .tan .D . .tan
5

π α π α= = (12)

For simplification, the relation between profile factors pK
due to different number of spindles, active spindle diameter 

aD and screw pitch sh in term of the pitch angle α , the 
equations of volumetric flow thV and the rate of flow thQ
can be generalized as below:

( )2 3
a s p a p

th 6 7

D .h .K 1.5 .D . .tan .K
V

4.10 10
π α

= = (13)

( ) 3
a p

th th 2 27

1.5 .D . .tan .K
Q V .n .n

10
π α⎛ ⎞

= = ⎜ ⎟⎜ ⎟
⎝ ⎠

(14)

The profile factor Kp can be found in Table 1.

Table 1. Profile factor Kp for different number of spindles 
(Faragallah & Surek 2004)

Profile factor pK

2 spindle 2.16

3 spindle 1.80

4 spindle 3.60

5 spindle 5.66

In the company Allweiler AG extensive studies with existing 
pumps have resulted in slightly different formulae using a
new corrected profile factor Kp:

3
a p

th 27

3.D . .tan .K
Q .n

2.10
π α⎛ ⎞

= ⎜ ⎟⎜ ⎟
⎝ ⎠

(15)

3.2 Leakage loss

The leakage loss, which has been described by Faragallah & 
Surek (2004) illustrates the gap leakage loss inside the screw 
pump. The gap leakage loss increases proportionally by the 
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increase of the differential pressure pΔ , the decrease of 
viscosity 2vis and the pitch sh . The leakage loss vQ of three 
spindle screw pump depends on the differential pressure pΔ
and the media viscosity 2vis :

a
a bv s

2

Dp 20Q . K.h
20 c vis
Δ

= (16)

By substitution of the screw pitch sh in terms of pitch angle 
α  (see equation (12)) in equation (16), the corresponding 
leakage loss vQ can be reformulated as 

( )a 1
a bv

2

Dp 3 20Q . . .K . .tan .
20 c 5 vis
Δ π α

+

= (17)

Whereas, the parameter values for the calculation of the 
leakage loss vQ are simplified in Table 2.

Table 2. Parameter values for leakage loss calculation

Value

K 0.025-0.05

Da<75mm a=0.5 c=1

Da����� a=1.22 c=1.5

2vis <20mm²/s b=4

2vis ������	
 b=2

In the company Allweiler AG extensive studies with existing 
pumps have resulted in much lower (better) results for the 
leakage loss. Here empirical formulae were generated which 
are also used in the developed model. The structure and the 
input variables of these calculations are similar to the 
calculation possibilities listed above.

3.3 Power loss

The power loss rP , which is described by Faragallah & Surek 
(2004), is divided into two cases depending on geometry of 
active spindle aD . 

For the first case, which is aD < 75 mm, the power loss rP is 
calculated as:

1
0.52.5

th 2
r

a

Q vis .n3 pP 0.062
600 D 1000 7.75

Δ
⎛ ⎞

⎛ ⎞⎜ ⎟= + +⎜ ⎟⎜ ⎟⎝ ⎠⎜ ⎟
⎝ ⎠

(18)

For the second case, which is aD ������m, the power loss 

rP  can be described as

1 1
th 2.8 1.75

r 2
QP 0.008.vis .n
600

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
(19)

For both cases, if 2vis �
��������������������������������������
viscosity 2vis equal to 12 cSt.

In the company Allweiler AG extensive studies with existing 
pumps have resulted in slightly worse results for the power 
loss. Here empirical formulae for the power loss were 
generated which are also used in the developed model. The 
structure and the input variables of these calculations are 
similar to the calculation possibilities listed above.

3.4 Pump torque load

The behavior of the screw spindle pump varies depending on 
the moment of inertia of the rotating parts of the pump and 
electrical motor, friction and also system pressure which is 
connected to the pump (Faragallah & Surek 2004), (Wincek 
1992). However, the moment of inertia of the rotating parts in 
the pump is smaller in comparison with the rotating parts in 
electrical motor. Therefore, the moment of inertia of the 
rotating parts in the pump is considered as negligible.  The 
resistance from the media viscosity is also considered as 
negligible.

The torque at operating point of the pump loadM is the result 
of motor speed 2n and the actual power consumption actP , 
which is described in specific tables depending on media 
viscosity, pressure difference and Qact. . The corresponding 
moment at operating point of the pump loadM is:

act
load

2

P
M

ω
= (20)

Furthermore, the resulting moment for the acceleration 
accM is considered as:

acc motor loadM M M= − (21)

3.5 Efficiency

The efficiency of the pump pumpη  is the product of 

volumetric efficiency volη  with regards to flow rate and 

mechanical efficiency pumpη with regard to power. 

The volumetric efficiency volη can be calculated according to
Faragallah & Surek (2004):

act
vol

th

Q
Q

η = (22)

The mechanical efficiency mechη can be calculated according 
to Faragallah & Surek (2004):
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th
mech

act

P
P

η = (23)

The total pump efficiency pumpη can be calculated according 
to Faragallah & Surek (2004):

pump vol mech.η η η= (24).

4.  SPF PUMP MODEL IN MATLAB SIMULINK

MATLAB is an interactive software tool for modeling, 
simulating and analyzing dynamic systems, which is showing 
optimal results in all fields of engineering. MATLAB also 
includes the Simulink graphical environment used for multi-
domain simulation and model-based design. Simulink can be 
used for simple mathematical manipulations by means of 
already built in and even self built mathematical libraries or 
toolboxes.

Since the beginning of the modeling project, it has been 
decided that the system block will be built mostly in 
Simulink with no external programming code in MATLAB in 
the form of MAT files (*.m). The overall system model 
consists of motor and converter system, pump system and 
consumer system blocks. Each of the model blocks will be 
modeled separately and later on the model blocks will be 
assembled. The overall system model with input and output 
parameters of each of the blocks is illustrated in Figure 3.

Fig. 3. Overall system

The overall system blocks are considered as parts of a
modular model library which is advantageous for further 
model development and simulation purposes. Since the 
model blocks are being developed separately, they are 
upgradeable at any time during the model development 
process. The model alteration will not affect other system 
blocks as long as the inputs and outputs from each block are 
compatible with each other in terms of units and simulation 
parameter settings.  

Furthermore, a user can create the desired system by drag-
and-drop operations, with no programming necessary. The 
user just needs to know how to connect the input and output 
of each block and can run the simulation afterwards. 
However, this modular library model also has a disadvantage. 
There is no consideration of reciprocal influence between the 
components.

The overall system consists of three distinguished model 
blocks, which are motor and converter system model (orange 

block), pump system model (blue block) and consumer 
system model (green block) as in Figure 4.

Fig. 4. Overall system in MATLAB Simulink

The consumer system library consists of simple pipe line, 
pipe bend, valve, Y-bend and nozzle. The user can drag and 
drop the self built toolboxes for the consumer system to 
visualise the model as in the workbench for the simulation 
purposes. 

The motor speed 2n from the motor and converter system 
block as well as differential pressure pΔ  from the consumer 
system block will be fed to the pump system block as an 
input. The actual flow rate actQ from the pump system block 
will be connected as an input to the consumer system block 
and the pump torque load loadM will be an input to the 
motor and converter block.

The motor speed 2n , actual flow rate actQ , pump torque load 

loadM and differential pressure pΔ data are transferred to 
Workspace for further analysis when needed (see 1. in Figure 
4). The result can also be seen directly from the display (see 
2. in Figure 4). Figure 5 shows the pump model block with 
the explanation of its input and output parameters.

Fig. 5. Pump model

A user can choose the desired SPF pump by double clicking 
the pump model block. A pop-up window will then appear. 
The user may choose pump size with different pitch angle 
before running the simulation. To avoid confusion in pitch 
angle selection, the other unrelated pitch angle option will be 
disabled. For instance, as the user chooses pump size 10, the 
other pitch angle selection for SPF 20 and SPF 40 will be 
disabled. A user can also change the media viscosity 2vis
value in the pop-up window before executing the simulation.

The pump model is based on the considerations shown in 
section 3; the realization is not described in detail in this 
paper.
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increased and the turbine efficiency will increase 
accordingly.  

9 Load-following capability 

9 Availability: The improved overall stability and the 
resulting reduced probability of forced plant outage is 
an indirect advantage of improving the steam 
temperature control. Nevertheless, it is an important 
advantage - e.g. a forced outage of a coalfired base-
load unit will imply additional fuel costs for restart, 
lack of power sales, increased wear of the plant and 
reduced availability.  

G
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Sh1

Ish2

Sh3

Ish1

Sh2

Eva

Att1

Att2

Att3

Turbines

Feedwater 
pump

Boiler

To condenser

 
Fig. 1. Outline of steam power plant. Eco: economiser; Eva: 
evaporator; Sh: high-pressure superheater; Ish: intermediate 
pressure superheater; Att: attemperator. 
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Fig. 2. Superheater process with typical instrumentation: To -
outlet steam temperature (°C); Ti -inlet steam temperature 
(°C); X-valve position (%); im�  - water injection flow 
 
First step in FDI model-based approach consists of providing 
a mathematical description of the system under investigation 
which shows all the possible faulty conditions. 
 

3. MODELING AND IDENTIFICATION 

Basic idea is how to find suitable nonlinear model for real 
processes, with the aim to provide a general treatment of the 
problem. One solution is to focus attention on the nonlinear 
black-box parametric models. 

The main idea underlying the mathematical description of 
nonlinear dynamic systems is based on the interpretation of 
single input single output, nonlinear, time invariant 
regression models such as 
� � � � � � � � � �( 1 , , , 1 , , )y t n F y t n y t u t n u t� � � � : � � :  (1) 

where u(t) and y(t) are input and output of process, 
respectively, and F(·) is continuous nonlinear function that 
represents functional relation from inputs to outputs.  

The identification of the nonlinear system can be translated to 
the approximation of the mathematical model given previous 
equation using a parametric structure that exhibits arbitrary 
accuracy interpolation properties.  

A piecewise model defined through the composition of 
simple models having local validity is the natural candidate to 
perform this task, as it combines function interpolation 
properties with mathematical tractability. The piecewise 
SISO model is formed by a collection of parametric 
submodels of the type: 

� � � � � � � � � �
1 1

( )
0

0 0j j

n n
i i i

j jy t n a y t j b u t j y
� �

� �

� � � � � � �; ;  (2) 

in which the system operating point is described by the input 
and output samples y(t+n-1),...,y(t) and  u(t+n-1), that can be 
collected with vector xn(t)=[y(t),...,y(t+n-1),u(t),...,u(t+n-
1)]T. The switching function is 

� �
� �� � � �

� �� �
( )1    

( )
0  

i
n n n

n
n

x t if x t in Range
x t

x t othervise

<
<

<

� ��� �
��!

 (3) 

First order model for proper describing of valves in 
attemperation subsystem is given with  

� � � �� � � � � � � � � � � �
7

1 1 0
1

1 [ ]i i i
i

i

y t x t a y ut b t y<
�

� � � � �;  (4) 

In attemperation subsystem, water injects through controlled 
servo valve and nozzle in live (fresh) steam. Measured 
values, also inputs in fault detection system are: 

9 Valve position (u(t)=X) in % 

9 Water injection flow (y(t)=m;˙i

For experimental verification of FDI techniques two 
attemperation subsystems are chosen: 

) in tons/hour 

9 Servo valve NB12C101 in main pipeline (last water 
injection in right side of armature) 

9 Servo valve NB10C101 in backup pipeline (last 
water  injection in left side of armature) 

Different valves with different constructions and servo 
controllers were used to demonstrate system modelling, 
identification and FDI principles. 
For parameters identification of piecewise affine model 
following procedure was carried out: 

9 System is switched in manual regime 

9 Control signal was sequence of step signals in range 
of 0-100% 

9 Parameters for seven different affine models were 
obtained using LS method,Ljung(1987), Bosch(1994), 
and shown in Table 1., for valve NB12C101 
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��ble 1. Estimated parameters of piecewise affine model 

 
Results of system identification are shown in Fig. 3 and 4. 
After identification, output error between process and model 
was formed in manner to check goodness of identification 
procedure. Autocorrelation function of this residual was 
presented in Fig. 5, and it was shown that identification error 
is almost white noise. Because of that, we can conclude that 
proposed model can properly describe process.    
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Fig. 3. System identification for input sequence in openloop 
experiment (Plant and model – first subfigure, position of 
valve – second subfigure, Model number used in piecewise 
affine structure – last subfigure) 
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Fig. 4. Plant and model, valve position, model number used 
in piecewise affine structure 
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Fig. 5. Autocorrelation function of identification residual 
signal 

4. MODEL BASED FAULT DETECTION APPLIED TO 
THE ATTEMPERATION SYSTEM 

 
Most of the residual generation techniques are based on 
discrete system models Isermann(1997), Paton(2000). The 
basic idea of the parity relations approach is to provide a 
proper check of the parity of the measurements acquired from 
the monitored system.  

4.1 Output error 

A straightforward model-based method of fault detection is to 
take a model and run it in parallel to the process, thereby an 
output error vector is obtained 

ˆ( )( ) ( ) ( ) ˆ( )oe
B zr k e k y k
A z

� � �  (5) 

The methodology is depicted in following Fig. 6. 

When a fault occurs in the plant, the residual r(t) will be 
different from zero. 

( )
( )

B z
A z

( )
( )

B(
A(

ˆ( )
ˆ( )
B z
A z

+

-

( )u t ( )y t

( )e t ( )Fr t
( )F z

 
Fig. 6. Scheme for output error via parity equation method 
 

4.2 Experimental results 

After modelling and identification, residual generator was 
applied for two attemperation systems (NB10C101, 
NB12C101) (Fig. 7 and 8, respectively). It is remarkable that 
there is a time-varying mean-value of the obtained residual 
signal, even during time intervals without any faults. This 
phenomenon may be explained by the fact that the parameter 

 Model 
no. 1 2 3 4 5 6 7 

  Max Min Max Min Max Min Max Min Max Min Max Min Max Min 

u – control Position 
����
 4.86 12.26 36.24 24.86 48.47 36.24 59.98 48.47 71.84 60.15 83.35 71.86 96.00 83.35 

y - 
measurement 

Flow 
����
 3.51 2.54 5.83 3.51 7.53 5.84 9.16 7.53 11.49 9.17 15.47 11.48 21.01 15.50 

Model 
parameters a1 -0.694 -0.699 -0.769 -0.81 -0.796 -0.787 -0.805 

b1 0.0241 0.0558 0.0316 0.0265 0.0395 0.071 0.083 

 y0 0.474 -0.287 0.204 0.152 -0.506 -2.627 -3.923 
���
(estimated)  2.74 2.798 4.6521 4.7466 4.4056 4.1866 4.632 
K 
(estimated)  0.0788 0.1858 0.47 0.1397 0.1945 0.3341 0.430 
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identification has been done on nominal power setpoint. After 
power setpoint change the nature of residual signal is 
changed as well being nonzero without any fault presence. 
Offset in residual is caused by changing pressure in water 
injection nozzle, due to feedwater setpoint changing in 
function of desired electric power of plant. Consequently 
some corrections in the residual generator structure have to 
be done. 

 
Fig. 7. Output error residual for valve NB10C101, left 
armature, Fault1-Actuator is blocked (time~400s), Fault2, 
Fault3, Fault4, Fault5 - Data acquisition system fault 
(time~6000s,17000s, 52000s and 69000).  

 
Fig. 8. Output error residual for valve NB12C101, right 
armature, Fault1, Fault3 - Data acquisition system fault 
(time~6000s, 59000s), Fault2, Fault4 - Actuator is blocked 
(time~28000s, 83000s). 
In attemperation subsystem there are several major faults: 

1. Sensors faults 
9 Sensor failure – sensor output signal is not in range 

4-20mA. This fault is not considered because it is 
detected with comparing signal with valid signal 
range 

9 Sensor offset or saturation is failure due to wrong 
selection of type of measurements or due to changes 
in measurement environment, set-point or conditions. 

2. Actuator faults 
9 A typical valve malfunction is a position block or 

jamming, which occurs when the actuator no longer 
responds to the control signals sent by the regulator. 
The position of the actuator may be locked in three 
different ways: in the same position as when the fault 
happens, completely open, and completely closed. 

3. Data acquisition system fault 
9 Input data are frozen and control system has 

information from last valid measuring without notice 
of bad measuring. 

In Fig. 7 and 8, there are output errors presented, on date 
February, 16th 2009, for control valves NB10C101 and 
NB12C101, left and right armature respectively.  
Faults are clearly visible, but we cannot set the threshold that 
would be able to process failure detection, because the 
residual has a mean value due to electric power setpoint 
changes from 205MW to 320MW. To eliminate this 
deficiency residual post filtering was carried out. 

4.3 Residual post- filtering 

Residual itself has two components of the signal of interest. 
The first comes from failure that occur in the system, and the 
other is due to changes in the operating regime, which 
depends on the given power setpoint of the plant. As the 
nature of these two signals is different in frequency domain, 
it is possible to carry out a post filter design that will make 
the removal of the signal originating from changes in 
setpoint, and thus eliminate the variables mean signal, which 
is located at low frequencies. 

Post-filter design is done in order to maximize the speed of 
elimination low frequency component signal and pass-
through hi frequency signal that comes from failure. The 
results are shown in Fig. 9 and 10, which are filtered residual, 
for a one day measurement. 

 
Fig. 9. Residual post filtering for valve NB10C101, left 
armature, Fault1-Actuator is blocked (time~400s), Fault2, 
Fault3, Fault4, Fault5 - Data acquisition system fault 
(time~6000s,17000s, 52000s and 69000). 
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Fig. 10. Residual post filtering for valve NB12C101, right 
armature. Fault1, Fault3 - Data acquisition system fault 
(time~6000s, 59000s), Fault2, Fault4 - Actuator is blocked 
(time~28000s, 83000s). 
 

It is now possible to set a constant threshold that will perform 
failure detection with great reliability. Because modelling of 
the attemperator system is not ideal and a simple method of 
detection failure is used, there is possibility of false failure 
detection. 

 

5. CONCLUSION 

The paper shows that a relatively straightforward FDI 
procedure can be used to effectively identify problems with 
the attemperation valve operation. A simple step-response 
based LS identification method was used to produce a 
piecewise-affine first order model of the plant, which 
successfully captures the characteristics of plant behaviour 
relevant to FDI purposes. The effects of operating-point 
changes were suppressed by using a high-pass residual post-
filter, while preserving the desired performance with respect 
to the actual fault. The results obtained with data taken from 
a real-world process were satisfactory, considering the 
relative simplicity of the algorithm. 
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Abstract: Time delay estimation is a very important topic for control performance monitoring, as it is 
required for several performance indices (e.g. Harris index) and for fault propagation analysis in the 
presence of plantwide faults. Many classical methods for time delay estimation are only valid for linear 
Single Input Single Output (SISO) processes or require advanced model assumptions. In the present 
paper, a new and simple method based on k nearest neighbour imputation is validated and demonstrated 
on an industrial application. 

Keywords: performance monitoring, time delay estimation, significance test 

 

1. INTRODUCTION 

Control performance monitoring and assessment is a very 
important topic as it enables plant operators to increase plant 
productivity and to decrease the production of rejections. The 
procedure of control performance monitoring and assessment 
has been summarised in many reputable overviews (e.g. 
Jelali, 2006) and had been started with the introduction of the 
Harris index (Harris, 1989) which objectively measures the 
performance of a single control loop related to the best 
achievable performance of a comparable minimum variance 
controller with the same time delay. In complex plants, single 
control loop faults are often propagated by production stream 
or heat coupling to many other control loops and cause 
plantwide faults. Hence, fault propagation analysis is also a 
very important topic of control performance monitoring and 
its aim is to determine the source of plantwide faults under 
the use of propagation path models (Bauer and Thornhill, 
2008). Fault propagation analysis is often realized by time 
delay estimation (Bauer et al., 2004). It can be seen that time 
delay estimation is a basic step of control performance 
monitoring and requires high accuracy. A very reliable 
procedure was introduced by Stockmann and Haber (2010) 
and allows dead time estimation for both time invariant linear 
and nonlinear Multiple Inputs Single Output (MISO) 
systems. Stockmann and Haber (2010) do not give any rules 
about the validation of this new method. This validation is 
shown in the present paper and aim of it is to determine strict 
thresholds in order to give evidence about the quality and 
repeatability of time delay estimation. The paper is structured 
as follows: In section 2 the procedure for time delay 
estimation based on k nearest neighbour (knn) imputation is 
shortly presented. In section 3 the validation is shown based 
on significance testing and in section 4 the method is 
demonstrated on an industrial example.  

2. TIME DELAY ESTIMATION USING K NEAREST 
NEIGHBOUR IMPUTATION 

The idea for time delay estimation based on k nearest 
neighbour imputation has been introduced by Stockmann and 
Haber (2010). Its mode of operation is briefly explained for a 
static nonlinear SISO system without loss of generality (see 
reference for more details). Assume two signals u(k) and y(k). 
Where y is a function depending on u and a discrete time 
delay d, e.g. (1) 

( ) ( )dkudkudkuky −+−+−+= 32 01.025.0)(5)(   (1) 

For example, let be d = 3 and let u be a standard normal 
distributed random number. The courses of u and y are given 
in Fig. 1. 

Fig. 1. Simulated course of two time series u and y fulfilling 
(1) with discrete time delay d = 3 
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Furthermore let u(k = i) be a certain value (e.g. 1) and let nd
be an estimated time delay then )( dniy +  will have a defined 
value by (1) ( 26.6)3( ≈+iy ) if the estimated nd value is 
chosen correctly. If the value of u(i) = 1 occurs again at a 
later sample time j, then )( dnjy + will have the same value 
as )( dniy + in the absence of noise. That means for 
imputation theory that )( dniy + can be expressed by the 
nearest neighbour of u(i) only which is u(j) and its 
corresponding output )( dnjy + .This can also be visualised in 
the u, y scatter plot for different assumed time delays nd
shown in Fig. 2. 

Fig. 2. Scatter plot u(k-nd) vs. y(k) for different assumed dead 
times nd

Theory of the automated time delay estimation based on the 
presented idea is to omit the output signals y(k=1,…,N) for 
every sample time after another and to impute it ( )(ˆ ky ) by 
the kimp nearest input neighbours. Looking at Fig. 2, one can 
see clearly that if the estimated time delay nd is chosen 
correctly (nd = d = 3) then the imputed value will be nearly 
the same as the omitted value. Stockmann and Haber (2010) 
proposed the following ten steps to automate this procedure: 

1. Let the start value of nd be the minimal assumed 
time delay dmin minus one, then: 

2. Increment nd by one. 

3. Shift the input vector u by nd. 

4. Let the counting index k and the summing variable s
be equal to zero. 

5. Increment k by one. 

6. Delete y(k). 

7. Replace y(k) by a knn imputation )(ˆ ky .  

8. Calculate the deviation ( )2)(ˆ)( kykyss −+= . 

9. Replace )(ˆ ky  by y(k) and go to step 4 until k has 
reached the length of the vectors N. 

10. Calculate    ( )
1

1
−




�

�



�

�
+=

N
snR d

knn
uy

. Go to step 1 and 

repeat it until nd has reached the maximal assumed 
time delay. 

( )d
knn
uy nR  is a normalized function which lies between 0 

( dnd ≠ ) and 1 ( dnd = ). In Fig. 3 the course of ( )d
knn
uy nR  is 

illustrated for the simulated example shown in Fig. 1. The 
maximal value of ( )d

knn
uy nR can be found for the assumed time 

delay 3, which is equal to the simulated time delay. Even in 
the absence of noise the maximal value of ( )d

knn
uy nR  is always 

smaller than 1. The reason for this is that the number of 
{ })()( ky,k-nu d  pairs is finite and hence the imputation is 
always defective ( 0>� s ).  

Fig. 3. ( )d
knn
uy nR  course for the two time series u and y shown 

in Fig. 1 

Stockmann and Haber (2010) showed that it is also possible 
to determine time delays for MISO systems with different 
time delays for the inputs.  

Fig. 4. Time delay estimation based on knn imputation for 
two inputs with  du1 = 3 and du2 = -2 
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Explanation: Assume a Two Inputs Single Output (TISO) 
system. The ten steps of the knn based time delay estimation 
need one modification only: instead of shifting one input (u1), 
two inputs have to be shifted separately. Assume first in the 
SISO case that ( )10,9...,,9,10 −−=dn  then ( )d

knn
uy nR  has 

the length of 21. By shifting two inputs knn
uyR   becomes a 

function of nd,u1 and nd,u2. A plot of ( )2,1,21 , udud
knn

yuu nnR  with 
two inputs hence becomes a three-dimensional plot, see Fig. 
4. For MISO systems with m inputs the function 

( )umdudud
knn
y nnnR ,2,1, ,...,,u  must be interpreted as a function of 

a m-dimensional array. The calculation time increases 
drastically.   

3. VALIDATION VIA SIGNIFICANCE TESTING 

Aim of this section is to determine strict thresholds for the 
quality of time delay estimation. Therefore two parameters 
are introduced for the mean centred series ( )d

knn
uy nR~  by (2) 

and (3) calculated based on two scaled time series u and y : 

( )( )d
knn
uy

knn nR~max=ρ     (2) 

( )�
=−

=
M

i
id

knn
uy

knn nR
M 1

2
,

~
1

1σ    (3) 

In the present paper, kimp always equals 4 (see Stockmann and 
Haber (2010) for more details). In Fig. 5 the results of two 
simulations are shown with their corresponding ( )d

knn
uy nR  and 

( )d
knn
uy nR~ courses. The question is which of them indicates a 

better reliable time delay estimation. 

Fig. 5. ( )d
knn
uy nR  (left) and ( )d

knn
uy nR~ course (right) for two 

simulation examples 

At first sight, it may seem that the time delay estimation for 
simulation 1 is better as the ( )3=d

knn
uy nR  value is closer to 1 

than in the second simulation. However, this is not the case 
because the mean value of ( )d

knn
uy nR  is relatively high (0.97). 

The reason for this is always just a good imputation which is 
not necessarily connected to good time delay estimation. A 
good imputation may be achieved for example in the 
presence of a nearly constant input and a constant output 
signal. In this case, the imputation will be rather accurate. A 
good time delay estimation will always be found if the 
imputation for one assumed dead time is much better than the 
imputations for all other dead times. Hence, the quotient H
given in (4) can be used as a measure of a good quality for 
time delay estimation based on knn imputation of two scaled 
time series u and y: 

knnknn σρε /=      (4) 

The higher H is, the more outstanding the time delay 
estimation is for one certain assumed dead time. For the two 
simulations shown in Fig. 5 the following parameters can be 
calculated: 

Simulation 1: 

0.0247=knnρ , 9630.20083.0 =�= εσ knn   

Simulation 2: 

0.2269=knnρ , 3.40200.0667 =�= εσ knn   

Looking at these values it can be seen that the time delay 
estimation of the second simulation is a bit better than for the 
first simulation. 

It seems that H also depends on the number of measurements 
which were included for time delay estimation (N) and on the 
number of assumed time delays for which the imputation is 
performed (M). In the two examples shown in Fig. 5 N is 
equal to 100 and M equals to 21. 

The conclusion about quality of time delay estimation is 
reduced to one sided significance testing as H is a positive 
value. A comparable method for the interpretation of the 
cross-correlation function was proposed by Bauer and 
Thornhill (2008).  

For the analysis of ( )d
knn
uy nR~  a null hypothesis of no causal 

dependency based on H is made. The null hypothesis will be 
kept or replaced by the alternative hypothesis (causal 
dependency) under the use of a certain level of significance 
I. For this significance testing the distribution of H has to be 
known. Without deriving it theoretically, a Monte Carlo 
simulation showed that H is log-normal distributed in case of 
no dependency between two scaled Gaussian white noise 
time series with mean value JLN  and standard deviation KLN, 
see (5) 

).,(~ LNLNLN σμε     (5) 
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Explanation of the used Monte Carlo simulation

For the Monte Carlo simulation the time delay estimation of 
two causally independent and scaled time series, created by 
standard normal distributed random numbers with N = 100 
and M = 21, was performed 10.000 times. H was calculated 
for every single simulation. The distribution of H is shown in 
Fig. 6.  The parameters  0.7158=LNμ  and 0.2404=LNσ
were empirically estimated based on the results of the Monte 
Carlo simulation.  

With M = 21 and N = 100 the null hypothesis can be 
formulated as follows: Under the use of a significance level I
= 0.025 two scaled time series will be independent if the 
calculated H value is smaller than 3.2772. In this case the 
time delay estimation based on k nearest neighbour 
imputation delivers no retraceable result and can not be used 
for fault propagation analysis. 

Fig. 6. Distribution of H based on the result of the Monte 
Carlo simulation (•) and distribution of log-normal random 
numbers with same μ LN and σ LN value (-) 

3.2772 is the 0.975 quantil of the log-normal distribution 
with 0.7158=LNμ  and 0.2404=LNσ . This quantil LNq 975.0

 can 
be calculated under the knowledge of the location parameters 
μ LN and σ LN by (6). 

LNLN qLN eq σμ ⋅+= 975.0
975.0     (6) 

where q0.975 is the corresponding quantil of the standard 
normal distribution (1.9600).  

This calculated quantil LNq 975.0
 will be called Hkrit. For the two 

simulation examples shown in Fig. 5 one can see that the 
time delay estimation for simulation 1 ( 9630.2=ε ) can not 
be considered as a reliable result because 

2772.39630.2 =<= kritεε . This result might have been also 
achieved for two independent time series. The time delay 
estimation results for simulation 2 can be used for fault 
propagation analysis as 2772.34020.3 =>= kritεε . 

In the following section the influence of N and M on Hkrit will 
be determined with I = 0.025.   

3.1 Changing the number of measurements 

For determining the influence of the number of 
measurements N on Hkrit the same Monte Carlo simulation 
was used as in section 3 but with varying N,

{ }1000,...,100,50∈N  and constant M = 21. For every number of 
measurement, Hkrit was calculated based on (6). The results 
were shown in Fig. 7. 

Based on a nonlinear regression the formula )(Nfkrit =ε
given in (7) can be derived. 

1121046735 .-
krit N.H ⋅=     (7) 

Fig. 7. Hkrit as a function of the number of measurements (N) 
based on the result of the Monte Carlo simulation (•) and 
nonlinear regression (-) 

3.2 Changing the number of assumed time delays 

In this section the influence of the number of assumed time 
delays M on Hkrit will be determined with N = 100. The results 
of the Monte Carlo simulation are given in Fig. 8. 

Fig. 8. Hkrit as a function of the number of assumed dead times 
(M) based on the result of the Monte Carlo simulation (•)  

There seems to be no coherence between Hkrit and M. 
Therefore, Hkrit is only considered as a function depending on 
I and N. 

For a better understanding, the validation process of time 
delay estimation is demonstrated on the first simulated 
example shown in Fig. 1 and its corresponding ( )d

knn
uy nR

course shown in Fig. 3.  
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First, the time series have to be scaled and ( )d
knn
uy nR~ has to be 

calculated by ( ) ( ) ( )d
knn
uyd

knn
uyd

knn
uy nRnRnR

_____~ −= , where ( )d
knn
uy nR

_____
 is 

the mean value of ( )d
knn
uy nR . 

Afterwards, the variables shown in (2) and (3) have to be 
calculated. For this simulation 0.0625=knnρ  and 

0.0149=knnσ . Based on the calculated variables the 
quotient H given in (4) has to be determined. In this case 

4.1968=ε .  

In the last step, the calculated quotient has to be compared to 
a critical threshold kritε  which might have been also achieved 
if the two time series were independent. kritε  is a function 
depending on the number of measurements and in this 
simulation 2627.31004673.5 1121.0

krit =⋅= −ε . Due to the fact 
that P is greater than kritε  this time delay estimation can be 
considered as a reliable and repeatable result.   

4. INDUSTRIAL APPLICATION 

The presented method for time delay estimation was 
developed for fault propagation analysis of a hydrocracker. 
Because several processes were nonlinear or consist of 
multiple inputs the classical methods could not be used. This 
was also shown by Stockmann and Haber (2010). In this 
section, the results of two time delay estimations are shown.  

Hydrocrackers are used to crack high-boiling hydrocarbons to 
more valuable lower-boiling hydrocarbons like naphtha, 
kerosene and diesel under the presence of high-pressure 
hydrogen and fixed-bed catalysts. The analysed hydrocracker 
consists of four catalytic beds and five quenches in which 
cooling hydrogen is injected to work against the highly 
exothermic reaction of hydrogenation and to assure an 
optimal temperature, which lies between 400 and 450°C.  

A flow chart of the hydrocracker plant is given in Fig. 9 and a 
scheme of the second quench is shown in Fig. 10.  

Fig. 9. Flow chart of the hydrocracker plant  

4.1 Time delay estimation in case of causal dependency 

In this section, the method is tested for the time delay 
estimation from measurement 9 to control loop 10. 
Measurement 9 detects the outlet temperature of the first 
catalytic bed and control loop 10 controls the entry 
temperature of the subsequent bed by injection of hydrogen.  

The time delay between measurement 9 and control loop 10 
represents the transport time of the product through the 
quench. Due to the fact that the manipulated variable in this 
quench was kept constant, the simple SISO method can be 
applied.  

The courses of the scaled measured and controlled variables 
are shown in Fig. 11. One can see that there is a causal 
dependency between these two variables. 

Fig. 10. Scheme of one quench (static mixer) from the 
hydrocracker shown in Fig. 9  

The time series consist of 500 measurements. Hence, Hkrit can 
be calculated based on (7) as 2.7241. The result of the time 
delay estimation is shown in Fig. 12. 

Fig. 11. Course of scaled controlled variables from loop 9 
(left) and loop 10 (right)  

The course ( )d
knn
uy nR  shows its maximal value at nd = 1. 

Based on the results shown in Fig. 12 the following 
parameters can be estimated empirically: 

0.02485=knnρ , 3.623950.00686 =�= εσ knn   

Due to the fact that 7241.262395.3 =>= kritεε  with N = 500 
this result can be considered as a reliable estimation of time 
delay. Hence, the transport time from measurement 9 to 
control loop 10 equals one sampling time. 
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Fig. 12. Time delay estimation between loop 9 and 10  

The time delay from control loop 10 to measurement 11 was 
also estimated as a part of the industrial application. This 
time delay represents the transport time through the second 
catalytic bed and is an important indicator of the chemical 
reaction progress. The maximal value of ( )d

knn
uy nR  can be 

found at nd = 3. With 7358.2=ε  and 7241.2=kritε  this time 
delay estimation is also validated. The ( )d

knn
uy nR  course of this 

time delay estimation is shown in Fig. 13. 

Fig. 13. Time delay estimation between loop 10 and 11  

4.2 Time delay estimation in case of no causal dependency 

In section 4.1 the time delay estimation delivers a reliable and 
retraceable result. In this section, the method and its threshold 
value is tested in case of no causal dependency. Therefore the 
time delay is estimated between the measured power of the 
electronic preheater (control loop 6) and the difference 
pressure measurement (control loop 19). The courses of the 
scaled time series are shown in Fig. 14.  

Fig. 14. Course of scaled controlled variables from loop 6 
(left) and loop 19 (right)  

The time series shown in Fig. 14 consist of 500 
measurements as well. The result of the time delay estimation 
is shown in Fig. 15. The course ( )d

knn
uy nR  in this case shows 

his maximal value at nd = -11. Based on the results shown in 
Fig. 15 the following parameters can be empirically 
estimated: 

0.00336=knnρ , 2.439280.00138 =�= εσ knn

Fig. 15. Time delay estimation between loop 6 and 19  

Because kritεε <= 43928.2 this result can not be considered 
as a reliable estimation of time delay. Regarding the process 
engineering this conclusion is evident. 

5. CONCLUSIONS 

In the present paper, a new method for time delay estimation 
based on k nearest neighbour imputation is validated and 
demonstrated on a simulation and on an industrial example. 
State of the art methods for time delay estimation would have 
failed generally or higher model assumption would have been 
needed. A simple index based on the results of the SISO time 
delay estimation has to be calculated in order to give 
evidence about its quality and repeatability. Aim of future 
research will be to test this threshold even for the MISO time 
delay estimation.   
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Abstract: This paper contains two sections: the first one presents a procedure based on the fuzzy logic 
inference systems, to optimize the GISTEL method in order to estimate the hourly global solar radiation 
with better accuracy.  In the second section, a new algorithm is proposed to predict this same parameter 
depending on clouds tracking and the optimized GISTEL method. 
To demonstrate the efficiency of the optimizing process, a statistical study is done to compare the results 
obtained using GISTEL method to those obtained using the optimized one. In order to validate our 
prediction algorithm, another statistical study is done to show its performance over two forecasting 
horizons. 
Keywords: solar radiation prediction, image processing, optimization, fuzzy inference systems 

�

1. INTRODUCTION 

Today, the development of solar energy technology becomes 
the interest of the most researchers for responding to the 
growing energy needs in the world. Many applications of 
solar energy systems depend on the measurement of solar 
radiation, such as, the control of CSP (concentrating solar 
power) plants and PV (photovoltaic power) plants. However, 
the limited numbers of measuring stations for solar radiation 
are insufficient for use to overcome this problem. Thus, 
during the last two decades, different methods are proposed 
for estimating global solar radiation using Meteosat satellite 
images. One of these methods is GISTEL, which is applied 
in France and in different countries in Africa using B2, HR 
and Meteosat Wefax images (Chaâbane et al.,1996; Ben 
Djemaa et al., 1992).   
The last method exploits the visible images (monospectral 
analysis), but Bachari et al. (2001), presented the importance 
of using bispectral analysis in the evaluation of solar 
radiation. 
Metfi et al. (2008), compared the method GISTEL to SICIC 
(solar irradiation from cloud image classification) and they 
found that the error for the first approach is greater than the 
error for the second one. 
 
Therefore, the first objective of this work is to optimize the 
method GISTEL using fuzzy inference system for combining 
the data extracting from visible images and infrared images 
for the estimation of hourly global solar radiation. 
The second aim is to develop a short-term prediction 
algorithm for solar irradiance data basing on the detection of 
the clouds, the measurement of motion in image sequences 
and the GISTEL method. 
The last goal needs a robust algorithm for the estimation of 
cloud motion field taking into account the semi-fluid 

behavior of clouds. Many approaches are used to compute 
the motion vectors in image sequences, such as Block-
matching algorithm, Pixel recursive algorithms, optical flow 
(Ezhilarasan et al., 2008; Horn et al., 1981). The method 
used in this article based on Block Matching Algorithm 
combined with a best candidate block search, which is 
proposed by BRAD et al. (2002) for Extracting Cloud 
Motion from Satellite Image Sequences.    
The estimation and the prediction results are presented and 
discussed in this work, a comparison between the optimized 
GISTEL and the GISTEL method is done regarding the 
accuracy to demonstrate the efficiency of the optimizing 
process. Another comparison between the results obtained of 
two forecasting horizons (one hour and two hours) is also 
done to show the validity of our algorithm. 

 

2. ESTIMATION OF GLOBAL SOLAR RADIATION 

2.1 GISTEL Method 

GISTEL is a methodology used to evaluate global solar 
radiation using Meteosat visible channel images. In these 
kinds of images, the brightness varies from 0 to 255. The 
minimal value of brightness refers either to the case of clear 
sky or to the clouds shadow and the maximal value of the 
brightness refers to overcast sky. 
However, GISTEL Model is based on comparing the 
brightness of a given pixel with reference value in case of 
clear sky at the same time in order to estimate the irradiation 
fraction (k). So, hourly and monthly reference images 
(Image clear-sky (hour, month)) are constructed to represent the 
case of clear sky for every month of the year using an 
archive of images.  
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To compute the irradiation fraction, we use the following 
rules that classify the weather into three categories of sky: 
clear, partly covered and overcast sky, using the reflection 
coefficient (a), as proposed by Chaâbane et al. (1996), Ben 
Djemaa et al. (1992), Muselli et al. (1998) and Chaâbane et 
al. (2002): 
 
If (a �  amin ) then  k = 1 

If (amin <  a < amax ) then k =                                               (1) 

1- (1-k0) [(a-amin) /   (amax-amin)] 

 If  (a  �  amax ) then k = k0                              

 
The cloud cover index (n) is given by: 
 
n(x, y, h) = (a-amin) / (amax-amin)                                           (2) 
 
amin and amax are respectively the minimum and the 
maximum reflection coefficient, k0 =0.2, These rules 
represent respectively the clear, the partly covered and the 
overcast sky. 
Then the global solar irradiance (G) will be obtained using: 
 
G(x, y, d, h)= k(x, y, d, h).Gc (x, y, d, h)                              (3) 
 
Where Gc is the global solar irradiance in the case of clear 
sky, this value is calculated using the model recognised by 
the WMO (World Meteorological Organization). (1981). x 
and y are pixel coordinates, d is the day and h is the hour. 
Let’s note that in the expression of Gc, are taken into account 
many parameters such as the Linke turbidity factor, the 
angular elevations of the sun and the satellite. 

2.3 Gistel method optimization 

This work focuses on the use of the cloud top temperature 
extracted from infra-red images provided by EUMETSAT to 
optimize the GISTEL method. On these images, the gray 
levels ranging from 0 to 255 and refer to the temperatures 
from -75 to 45 °C. 
To improve the precision of this method, the cloud cover 
index calculated using (2) from visible images and the 
temperature attributed to pixels (T) will be used in a fuzzy 
inference system (FIS) in order to estimate the irradiation 
fraction as shown in Figure 1. 
 

 

Fig. 1. Inference system block diagram. 

Fuzzy inference systems (FIS) have a multidisciplinary 
nature and they have been successfully applied in a wide 
variety of fields, such as automatic control, data 
classification, decision analysis, expert systems, and 
computer vision. There are two main structures of fuzzy 
inference systems: Mamdani-type and Sugeno-type. Here, 
Mamdani's fuzzy inference system (Mamdani et al., 1975) is 
used in order to compute the irradiation fraction from the 
two inputs: the cloud top temperature and the cloud cover 
index. The first step when making up a FIS is the 
fuzzification. 
The cloud cover index varies from 0 to 1, the cloud top 
temperature varies from -75 to 45 °C and the irradiation 
fraction varies from 0 to 1. These three variables were 
fuzzified into Gaussian membership functions as presented 
in figure 2(a, b and c). The inferences are realized by the 
following rule base: 
 
 If (T is small) and (n is very small) then (k is very big)  

If (T is small) and (n is small) then (k is big)  

If (T is small) and (n is big) then (k is small)  

If (T is small) and (n is very big) then (k is very small)  

If (T is big) and (n is very small) then (k is very big)  

If (T is big) and (n is small) then (k is big)  

If (T is big) and (n is big) then (k is big)  

If (T is big) and (n is very big) then (k is small) (4) 
 

As presented in figure 2(d), a non-linear relationship can be 
noticed between the input and output variables. In the 
described fuzzy inference system, the fuzzy rule structure is 
predetermined by the interpretation of the characteristics of 
the variables and the membership functions are empirically 
tuned depending on the data. 
 

 

Fig. 2. Input and output membership functions and the 
decision surface of the FIS. 
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3. PREDICTION OF THE GLOBAL SOLAR RADIATION 

In this section, the interest is a short-term global solar 
radiation prediction depending on GISTEL method and on 
clouds speed estimation. The prediction algorithm is 
presented in Figure 3. In this algorithm, we have to predict 
the global solar radiation at pixel p0 (x0, y0) at the time (t + 
�t), thus, the first step is to estimate the case of sky in the 
studied zone in the future by segmentation of the visible 
image (t) using the cloud cover index. The result is an image 
of cloudy pixels and clear pixels, if the number of cloudy 
pixels is smaller than threshold that means the sky at the 
pixel p0(x0, y0) will be clear at the time (t + �t), else the sky 
will be cloudy and then we must determine the cloud cover 
index and the temperature which will be attributed to the 
pixel p0 at the time (t + �t). For this reason, the next step is 
to compute the motion vectors u and v in order to estimate 
the position of the pixel p1(x1, y1). The clouds at p1 will move 
towards p0 during �t. The coordinates for the pixel p1 are 
given by:  
 
x1=x0-u.�t  
y1=y0-v.�t                                                                             (5) 
 
The last step is to evaluate the global solar radiation G (x0, 
y0, t+ �t) using the following equation: 
 
G(x0, y0, t + �t) = k0 (x0, y0, t+�t). Gc(x0, y0, t + �t)           (6) 
 
Where k0 is given by: 
 
k0 (x0, y0, t+�t) = �. k1 (x1, y1, t+�t)                                    (7)
 
Where �  is a  coefficient taking into account the attenuation 
of k1 and the indices 1 and 0 in this section  refer respectively 
to pixels p1 and p0.The irradiation fraction k1 can be 
calculated by the optimized GISTEL method or by GISTEL 
method as mentioned in the previous section. 
Now, the motion vectors must be estimated correctly to 
obtain a good result of the prediction algorithm. Therefore, 
the block matching algorithm (BMA) combined with a best 
candidate block search is used. 
The basic concept of BMA is to divide the frame into small 
blocks then, the BMA finds the optimal motion vectors 
(MVs) that minimize the difference between reference block 
of the current frame and candidate block from the search 
area of previous frame.  
The SAD is used to match criteria, and is defined as (Liaw et 
al., 2009; Song et al., 2000): 
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In(x0, y0) is the block of the current frame (n) and (x0, y0) is 
the coordinate of its upper left corner. In-1(x, y) is the block 
of the previous frame (n-1) and (x, y) is the coordinate of its 
upper left corner. Each of these blocks is of L×M pixels. But 
in this method, the future evolution of the block is not taken 
into account, thus a big error occurs in the estimation. For 

this reason, (BMA) is combined with a best candidate block 
search (BRAD et al., 2002).  
In the last method, the BMA is applied and a list of the best 
candidates is stored with their scores Sc computed using (8) 
and the Euclidean distance between the reference block and 
the candidate (Cc), for each search region, for each nth 
image pair of the N-1 image pairs in the sequence. 
The Euclidean distance between the reference block and the 
block candidate is obtained by: 

2
0

2
0 )()(),( yyxxyxC ccccc ����   (9) 

 
The criterion used to match the candidates to the reference 
block in the search zone is a cost function of the distance and 
the scores. This function is given by: 
 

cc CpSpCost )1(. ���  (10) 
 
With p is a weigth parameter equal to 0.8. 
The best block match is obtained by minimizing the cost 
function along the N-1 image pairs using: 
 

�
�

�

�
1

1
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N

n
cnCostMatch  (11) 

 
 

 

Fig. 3. Flow diagram of prediction algorithm. �t’ being the 
time interval between two successive images. 
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4. RESULTS AND DISCUSSION 

4.1 Estimation 

The images used in this study are H.R. (high resolution) 
images provided by EUMESAT with precision of 2.5×2.5 
km2 for visible images and 5×5km2 for IR images and the 
time interval between two successive images is one hour.  
The global solar radiation is measured in the University of 
Perpignan (42.700 N, 2.900 E) using CS300 pyranometer 
with precision of 0.01 %, in addition to different 
meteorological variables, such as wind speed, the 
temperature and the humidity. These data can be found 
online at http://eliaus.univ-perp.fr/solaire/mesures/.  The 
data in this work covered the period from 1 April to 31 
October 2009. 
In order to evaluate the accuracy of the optimization method, 
described previously, we use the statistical criteria: the 
Relative Mean Bias Error (RMBE), the Relative Root Mean 
Square Error (RRMSE) and the correlation coefficient(R), 
these indicators are used to evaluate GISTEL method 
(Chaâbane et al., 1996; Ben Djemaa et al., 1992) Table 1.
The smaller values of RMBE and RRMSE and the bigger 
value of R then the better the performance. 
Depending on this rule, the results in Table 1 show a 
significant improvement by using the optimized method.  
The scatter diagrams plotted in Figure 4, present another 
means to validate the optimizing process. In this figure, 
the results of the optimized method indicate a strong 
correlation between the estimated and the measured data (the 
closer the points to the straight line then the stronger the 
correlation). 
 

 

Fig. 4. Scattering diagram of measured and estimated hourly 
solar radiation: a- using optimized GISTEL method, b- using 
GISTEL method. 

Table 1.  Statistical results of comparison between 
measured and estimated hourly solar radiation using 

GISTEL method and the optimized approach.

Method GISTEL Optimized GISTEL 
method 

R (%) 94 97 
RRMSE (%) 16 10 
RMBE (%) 0.9 0.5 

 

4.2 Prediction 

To estimate the clouds velocity the following parameters are 
used in every step of estimation: 
 


 Four visible images, at 15 minutes time interval.  

 Block size equals to  4×4 pixels  

 Research window equals to 8×8 Blocks  

 
In order to evaluate the performance of the prediction 
algorithm, the data were predicted using two forecast 
horizons and we use the statistical indicators presented 
above, RRMSE, RMBE and R, to compare the results. 
Results presented in the table 2, show a good efficiency of 
the prediction algorithm for the two forecast horizons. But in 
the same time, these results are better using a prediction 
horizon of one hour. 
The predicted data compared to the measured ones are 
presented in the figure 5. This figure shows a better 
correlation for a forecast horizon of one hour. 
 

 

Fig. 5. Scattering diagram of measured and predicted hourly 
solar radiation: a- using one hour forecast horizon, b- using 
two hours forecast horizon. 
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Table 2.  Statistical results of comparison between 
measured and predicted hourly solar radiation using one 

hour and two hours forecast horizon

Forecast horizon  One hour Two hours 
R (%) 93 90 
RRMSE (%) 14.63 18 
RMBE (%) 0.8 -1.4 

 

5. CONCLUSION 

In this paper, a procedure was used to optimize the GISTEL 
method basing on the fuzzy inference system. The statistical 
study demonstrated the smaller values of the indicators 
(RRMSE, RMBE) and the bigger value of correlation 
coefficient comparing to the other indicator resulted by using 
GISTEL approach. 
In the second section of this paper, was proposed a new 
algorithm to predict the hourly global solar radiation 
depending on the estimation of the clouds velocity and the 
optimized GISTEL method, and the statistical study which is 
done for two forecast horizons showed the good 
performance of this algorithm. 
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Abstract: In many industrial facilities pump systems play a crucial role. The serve for lubrication 
purposes which are needed in a large share of applications requiring motion, for cooling and for the 
supply of all kinds of fuels for combustion e. g. in power plants. In contrast to this importance, today only 
rather basic diagnosis systems are used in industrial applications. This paper presents some of the results 
of the project which goal is increasing energy efficiency as well as reliability and effectiveness and 
efficiency of service. Earlier work has shown that an integrated approach considering control and 
diagnosis simultaneously is most likely to be adopted by industry due to several reasons. This paper is 
focused on the viewpoint of diagnosis reporting about the developed concept which is relying on a 
hierarchical concept ant the systematic development of diagnostic functions. Here the concept of 
predictive diagnosis is elucidated. A core element of the methods of advanced and predictive diagnosis is 
a mathematical model of the pump system. This model is therefore described in detail.  

Keywords: risk assessment, diagnosis, control, monitoring, pump systems, burner industry 

1. INTRODUCTION

Pump systems play a significant role in whole industry envi-
ronment. They are used in power plants for instance for fuel 
injection system, lubrication or cooling purposes. In techno-
logical processes they are the main driving source of all proc-
esses. Unfortunately until now the majority of pump systems 
in industry are not equipped with diagnosis systems. This is 
even more astonishing if one is aware that the failure of pump 
systems will usually lead to a shutdown of the respective 
industrial facility. This problem is currently tackled by three 
time and cost efficient approaches:

• regularly servicing the pump systems (even if they 
do not yet need it, installing redundant pumps) 
leading to high service costs and shut-down times of 
the industrial facilities,

• installing redundant pump systems leading to in-
creased installation cost and space demand and, in 
the case of hot redundancy, lower efficiency of the 
system,

• and regularly replacing the pumps leading to costs 
and unnecessary waste.

Systems relying on advanced and predictive diagnosis dis-
pose of the potential to dramatically increase the reliability 
and serviceability of technical systems. In order to offer the 
possibility to be implemented in pump systems the strategies, 
methods and tools of advanced and predictive diagnosis need 
to be adapted and refined. For this purpose two Universities 
(Hochschule Ravensburg-Weingarten, Germany and 
Hochschule Rapperswil, Switzerland) together with a leading 
German pump manufacturing company (Allweiler AG) en-

gaged their employees to start research project called “Smart 
Pumps”. The main goal of the project is development of a 
well founded prognosis of future control and diagnosis tech-
nologies for intelligent pump systems. 

An in-depth investigation (Kleinmann et al. 2009) showed 
that a large increase of the application rate of control and 
diagnosis systems in industry can only be realized if a 
modular system can be created which will connect three fun-
damental functions of the optimization in order to increase 
reliability and serviceability: control, monitoring and diagno-
sis. Especially the last function shows wide field of research, 
when it is based on self-learning the typical behaviours in the 
pump system. The successful application of advanced and 
predictive diagnosis in whole system could lead to early fault 
detection and identification like e. g. cavitation which occur-
rence causes loss of pump efficiency and damage of me-
chanical parts and integrity of the pump.

In the next section the notions diagnosis, advanced diagnosis, 
predictive diagnosis, control and monitoring are briefly ex-
plained. The third section presents the hierarchical concept 
for monitoring, control and diagnosis. The system model is 
discussed in the fourth section. Section five describes the 
systematic development of diagnostic functions. 

2. CLARIFICATION OF NOTIONS 

2.1  Diagnosis, Advanced Diagnosis

Diagnosis is usually understood as the process of estimating 
the object condition. Diagnosis is carried out by the 
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estimation of important parameters and the determination 
what should be done in case when faults occur. Over the last 
three decades, the growing demand for safety, reliability, and 
maintainability in technical systems has drawn significant 
research in the field of diagnosis. Since more than two 
decades methods of advanced diagnosis were developed 
which are usually characterized by the application of some 
kind of model of the system which is to be diagnosed. Such 
efforts have led to the development of many techniques; see 
for example the most recent survey works (Blanke et al.   
2006, Isermann 2005, Witczak 2007, Zhang and Jiang 2008, 
Korbicz et al. 2004). The application of a collection of these 
techniques gathered in one system (AmandD - Koscielny et 
al. 2006) was analyzed by Dabrowska und Kleinmann 
(2009). For fault compensation in general fault tolerant 
control methods are proposed which can be classified into 
two types, i.e. Passive Fault Tolerant Control Scheme 
(PFTCS) and Active Fault Tolerant Control Scheme 
(AFTCS) (Blanke et al. 2006, Zhang and Jiang 2008).

2.2  Predictive Diagnosis

The term “predictive diagnosis” is in contrast to “predictive 
control” rarely used in the technical domain (it is widely used 
e. g. in medicine). One example for the usage of this term is 
the presentation of an automated system for fault diagnosis 
based on vibration data recorded from an main power 
transmission (Diwakar et al. 1998). For pump systems 
predictive diagnosis (essentially in the meaning of failure 
detection and identification before these failures even occur) 
presents a promising field of research. Five main problems in 
the operation of pumps bear the possibility to be identified 
early:

• wear of the seals leading firstly to increased leak-
age and finally to system failure;

• wear of the surfaces for flow or pressure genera-tion 
(e. g. the spindles of screw pumps) leading to back 
leakage, reduced efficiency and finally to system 
failure;

• changes of the viscosity of the hydraulic medium, e. 
g. as a consequence of degradation leading to 
changed operation conditions, reduced efficiency 
and power (if a pump system was optimized with 
regard to a certain viscosity) and in extreme cases to 
destruction of the pump;

• agglomeration of particles in the hydraulic medium 
usually as a consequence of wear of elements in the 
hydraulic circuit leading to increased wear of the 
seals and the surfaces for flow or pressure 
generation;

• vibration which could be caused from high air 
content for lube oil applications or system suction 
conditions which does not allow operating the pump 
according to NPSH required. 

Pumps are usually part of larger systems. A failure of the 
larger system which is caused by a failure of a pump usually 
leads to enormous consequences in terms of cost of idleness 
(e. g. of a whole power plant). Therefore preventive 
maintenance is desirable for industrial pumps; however such 

preventive maintenance today is aggravated by the fact the 
up-coming failures can usually not be detected. The only 
preventive maintenance systems possible are time based but 
not state based. A predictive diagnosis system would allow 
scheduling maintenance and service in dependence of the 
current state of a pump (wear of seals and surfaces) and the 
state of the medium (viscosity, agglomeration of particles).

2.3  Control

The term “control” names activities intended to manage, 
command, direct or regulate the behaviour of devices or 
systems and has been the core of extensive research for many 
decades. In recent years the techniques of predictive control 
have found rising attention (compare e.g. Camacho&Bordons 
2008). Predictive control usually relies on dynamic models of 
the process, most often linear empirical models obtained by 
system identification.  In the area of pump systems predictive 
control can pursue three different objectives:

• smoothing changes of system states,
• better coordination of multiple pumps and
• evaluating decision alternatives.

2.4  Monitoring of Operation Data

The notion monitoring summarizes all kinds of systematic 
observation, surveillance or recording of an activity or a 
process by any technical means. In the area of pump systems 
monitoring could be understood as a systematic collection of 
data concerning the state of certain physical (usually 
hydraulic or electrical) characteristics such as flow, pressure, 
temperature, viscosity, vibrations, torque, velocity, currents, 
voltage, current gradient, velocity gradient, etc. In leading 
industries such as computer chip production or car 
manufacturing today usually nearly all operation data of the 
productions systems are being monitored for the three main 
reasons safety, efficiency and planability:

• The safety of production systems can be enhanced 
because a reliable safety system with a fast 
reaction can be realized on the basis of a real-time 
monitoring system. The role of coincidence for 
detecting possibly dangerous faults is diminished 
if a continuous monitoring is in place.

• The efficiency of production systems can be 
enhanced because any kind of waste (of energy, 
time and production goods) will be detected and 
can subsequently be prevented or reduced.

• The planning possibilities and planning quality 
can be enhanced if accurate data from a real-time 
continuous monitoring system are available as 
realistic prognosis is enabled by such data.

Such monitoring of pumps is currently not realized but could 
be an additional function of a control and diagnosis system. 

3. HIERACHICAL CONCEPT 

As reported before that a large increase of the application rate 
of control and diagnosis systems in industry can only be 
realized if a modular system can be created which will 
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connect three fundamental functions of the optimization in  
order to increase reliability and serviceability: control, 
monitoring and diagnosis. This modular system needs to be 
integrated in the IT-infrastructure of the industrial facility. In 
connected work a hierarchical concept including an advanced 
monitoring, control and diagnosis system (MCDS) was 
proposed (Kleinmann et al. 2000). Figure 1 shows a proposal 
of a sensible hierarchy of the levels of these information 
systems in form of a pyramid.
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AND DIAGNOSIS SYSTEM (MCDS)

EXTENDED PRODUCT:
PUMP + MOTOR + FREQUENCY CONVERTER
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Fig. 1. Hierarchical information system structure for pump
systems.

On the highest level the Enterprise resource planning (ERP) 
system can be found. It is not present in all kind of 
enterprises and is sometimes referred to with different names 
in the area of pumps. The main function is always the same: 
this level concerns the planning of the entities to be produced 
(e. g.  amount of heat in burner applications, amount of 
energy of power plants) on a not time-critical level. On the 
next lower level the production of these entities is executed 
by a plant control system which fulfils similar tasks than a 
Manufacturing Execution System (MES); in current pump 
applications a number of names is given to these systems. 
Some-times the two highest levels are realized in only one 
system.

On the next level is the first core of the proposed concept –
the monitoring, control and diagnosis system (MCDS) for a 
section of a hydraulic system usually including a number of 
pumps. Hydraulic systems usually contain more than one 
pumps e. g. for reasons of redundancy or high pressure which 
cannot be easily realized with only one pump. The lowest 
level is called extended product. In industrial applications 
frequently pumps are used in combination with an electrical 
motor. Such components are the basis for this level named 
”extended product”. This notion means the pump in 
combination with a appropriate electrical motor, the 
necessary electronic equipment to use this motor (frequency 
converter, …) and the control systems which may be 
delivered with this package. On this level the real-time 
control has to take place and the most important safety 
functions should be realized on this level for the sake of a 
quick reaction. 

4. SYSTEM MODEL 

Currently, there are many designs of pump systems, 
depending on type, capacity and especially on further 
application. A detailed analysis of many different factors, like 

market requirements and extending knowledge, moved 
project into direction of research focused on three screw 
spindle pumps SPF in burner industry application. As a 
technical challenge, this application creates also many 
interesting aspects for further applications. A sensible level of 
investigation is the so-called “extended product”, composed 
from pump, asynchronous motor with frequency converter 
and consumer part (process load). Each of these components 
must be taken into consideration for modelling this system. 
Each of the model blocks was modelled separately in 
Matlab/Simulink and later the blocks were connected into an 
overall system (Figure 2). The motor speed n2 is the input to 
the pump system block and the torque load from the pump 
side Mload is the input to the motor converter system block. 
The theoretical flow rate Qact from the pump is the input to 
the consumer system block and the required pressure p is the 
input to the pump system block. These three components are 
described in the following sections. 

Fig. 2. Overall pump system.

4.1  Motor model

Because of good dynamic, the so-called vector control 
methods of asynchronous motors are widely used in 
industrial circuits where the control quality is the determining 
factor in the whole technological process. In this research 
project the vector method called DTC (Direct Torque 
Control) invented by Takahashi and Noguchi (1985) was 
used. Concerning the principle of control this method is 
based on the control of flux and torque. Set values of stator 
flux and electromagnetic torque (exit of speed regulator)
compared with real, measured values of suitable signals, are 
transmitted to the nonlinear comparators. Optimal switches 
are tabulated in the memory addressed  by the state of two-
level comparator  of main flux regulation  and three-level 
torque comparator, depending on the sector N(π/3), which in 
flux vector ΨM currently is. The use of switching table for 
voltage vector selection provides fast torque response, low 
inverter switching frequency and low harmonic losses 
without the complex field orientation by restricting the flux 
and torque errors within respective hysteresis band with the 
optimum selection being made. 
The DTC scheme is much simpler than other vector control 
methods due to absence of coordinate transformation between 
stationary frame and synchronous frame and PI regulators. It 
also does need the PWM (Pulse Width Modulation). 
The motor model is equal (the same parameters) to the real 
asynchronous motor with nominal power Pn= 2.2kW and 
nominal angular velocity nn= 1415rpm. This motor control 
model has good results in static and also in dynamic states.
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4.2  Pump model 

Beside the main goal of this project, it is intended to achieve 
also additional scientific benefits. One of the most important 
is the creation of a dynamic model of the three screw spindle 
pump. Unfortunately, scientific literature and research not 
contain many descriptions concerning three screw spindle 
pumps (in contrary to other pump types). Because of the lack 
of a mathematical model of these pumps, the model which 
was realized also in Matlab/Simulink will produce the desired 
output from the given input merely based on rather basic
mathematical equations prepared by employees of Allweiler 
AG. This means that the present model of the pump is not yet 
a real dynamic model. Currently, the project team is working 
on the validation of the existing model in the real test field 
and on the expansion this model to the dynamic 
considerations.
SPF pump system model contains four main important 
(calculation) blocks:

• the theoretical flow rate Qth ,
• leakage loss Qv ,
• the theoretical power Pth ,
• the friction power Pr  .

The actual flow rate Qact, total power consumption Pact, the 
volumetric- ƞvol , the mechanical- ƞmech  and the pump 
efficiency ƞpump  are merely calculated from the model blocks
mentioned above.

4.3 Process load 

Screw pumps have been used in many different application 
domains what result in variety of construction, from a simple 
load to an extensive system. 
The model is built with using such components by means of 
which it can be easily combined to build almost every model 
of a process load. The main library in the model consists of 
five standard hydraulic parts of process load like a pipe, a 
pipe bend, a regulating valve, a y-pipe and a nozzle and 
creates possibility to model each part individually and also 
allow observing conditions between components. Using a 
simple user interface, each component model can be 
parameterized and adjusted according to the real component 
properties. The y-pipe is the only component with one inlet 
point and two outlet points. Depending on the hydraulic 
resistance on the outlet points the y-pipe divides the 
incoming medium to the outlets in the correct way. For 
example if the regulating valve produces more resistance to 
the return thread in the tank, so the largest amount of fluid
will pass through the nozzle.
Based on the actual flow rate Q of the pump, the simulation 
program calculates the whole back pressure of the system 
∆ptot that will affect the pump in different ways. Each load n
calculates its pressure loss ∆pn by the actual flow rate Q and 
passes the actual incoming flow rate Q to the next component 
in the chain. Furthermore each load element adds to the own 
pressure loss ∆pn the pressure loss of the successive 
component ∆pn+1. Consequently the first component in the 
chain directly after the pump contains the total back pressure 
∆ptot=∆pn+∆pn+1+∆pn+2 on the pump.

The flow velocity w of the fluid is a linear function of the 
flow rate Q as described in equation (1). This also depends on
physical properties such as the diameter of a pipe.

bQw ⋅= (1)
The pressure loss ∆p depends on the fluid flow velocity w, 
the friction factor ζ and the density ϱ of the fluid passing 
through a component. The pressure loss can be calculated 
using equation (2).

2

2
wep ⋅⋅=Δ ζ (2)

The friction factor ζ  varies in function to the component 
geometry as well as the viscosity of the medium and 
accordingly its temperature. This factor can be derived by a 
calculation, in the simple case of a straight pipe, or can be 
obtained in an empiric way for components with a 
complicated inner construction. This model was developed 
on basis of the equations and empiric deviations described in 
literature (Bohl et al. 2008). The roughness of the interior 
wall surface as well as hydrostatic effects has also been taken 
in to account in the calculation. 
The mathematical model of the process loads previously 
described has been implemented in Matlab/Simulink. Each 
component model has been designed in a similar way.  It 
consists of an input Q for the incoming flow rate, an output Q 
for the successive component, an input p for the pressure loss 
of the successive component and an output p to give back the 
pressure loss to the previous component. The equations have 
been implemented graphically and structured using sub-
functions. An overview of the system is for the sake of 
readability given in Appendix A.

5. SYSTEMATIC DEVELOPMENT OF DIAGNOSTIC 
FUNCTIONS

The scientists involved in the project, together with expert 
from Allweiler AG and lead user experts from another 
company developed a table of possible diagnostic functions 
in the pump system called “Risk-table” in order to be able to 
systematically explore the diagnosis possibilities. A short 
fragment of this large table is for the sake of readability 
included in this publication as Appendix B (without 
columns). Currently, the table discerns eleven different 
possible fault groups which can occur in the process load part 
of the system, e. g. pump break, oil leak, empty oil tank or in-
coming air in to system.

The table presents the results of a systematic analysis of  the 
possible occurrence of faults in the process load (burner 
application), their detection and their localization 
possibilities. The goal of this analysis is to research the best 
possible sensor combinations and locations which guarantee 
the best diagnosis of system (Figure 3). However, as the 
fundamental principle of this analysis the pump itself is taken 
as a main sensor in the system (actuator as sensor – this is 
possible using the methods of advanced diagnosis). To get 
better results also virtual sensors were applied and real 
sensors localized in different, strategic places in the system. 
The table shows exactly how many faults can be 
distinguished during one sensor combination and precisely 
indicate how the fault is localized in the process load part. 
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5.1 Systematic Development of Diagnostic Functions 

The project behind the presented research is aimed at 
developing a long time perspective for the monitoring, 
control and diagnosis of pump systems. It is therefore 
desirable to cover a large field of possible solutions for these 
three general application types and to be aware of “white 
fields”, i. e. possible applications in this field which will no 
be covered. Therefore a two-sided approach was chosen. On 
the one hand it was systematically determined which 
strategies, methods and tools are available or currently 
researched. For this purpose concise literature surveys (e. g.
Blanke et al.   2006, Isermann 2005, Witczak 2007, Zhang 
and Jiang 2008, Korbicz et al. 2004) and certain systems 
(e. g. AmandD - Koscielny et al. 2006) were analyzed. Some 
results are reported in Dabrowska&Kleinmann 2009. On the 
other hand possible functionalities were systematically
collected by means of a so-called “risk-table”. This table is 
described in the next section.

Fig. 3. Possible sensor S combinations and fault F
occurrence in the process load part.

5.2 Explanation of the “Risk-table”

Technical faults in industrial processes create the danger of 
system break down and expose the industry for additional 
costs. According to this conditions, were created “Risk-table” 
which distinguish possible fault appear during functioning of 
pump system in the burner industry. Additionally, were 
analyzed, what kind of system behaviour appear during 
incorrect principle of operation in the system and what are 
the consequences of given faults occurrences. 

By means of this table it is shown the best possible 
configuration of sensor replacement in the process load for 
typical burner application. Currently, it is taken into 
consideration leakage pressure and his changes. Table give 
specific information what kind of fault could be hidden 
behind the typical system behaviour. For example, through 
pressure decrease is possible to detect pipeline rupture or 
clogged pipeline when value of this signal is increasing. By 
expanding this table for different strategic signals in the 

pump system, like flow or speed, it is possible to increase the 
precision of applied diagnosis. 

Up to this time, presented table is prepared on the base of
complete burner simulation model in the Matlab / Simulink 
environment.   System can be diagnose in regard to diagnosis, 
by using signal threshold examination or taking inlet real 
pump parameters which are put in the simulation and make 
comparison the several output in the model with the sensors 
in the real system.

Currently, project team is working on real stand-up to 
compare accuracy of the results given by simulation model 
with real technical units. The challenge is to adjust every part 
of the simulation model to get the same behaviours which 
appear in the real system. Additionally, necessity is to make a 
deep and exact research of signal changes. Therefore the 
systematic work with the risk table is first step to prepare a
fault identification and localization in the system. In the next 
steps this system will be expanded using predictive diagnosis
and focusing on the state of the pump as well as the driving 
electrical motor and its frequency converter.
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Abstract: This paper focuses on applying three metaheuristic local search algorithms to solve the 
problem of allocating two-dimensional tasks within a two-dimensional processor mesh in a period of 
time. The objective is to maximize the level of mesh utilization. To achieve this goal we adapt three 
algorithms: Tabu Search, Simulated Annealing and Random Search, as well as we design an auxiliary 
algorithm Dumb Fit and adapt another auxiliary algorithm named First Fit. To measure the efficiency of 
the algorithms we introduce our own evaluating function called Cumulative Effectiveness and a 
derivative Utilization Factor. Finally, we implement an experimentation system to test these algorithms 
on different sets of tasks to allocate. Moreover, a short analysis based on results of series of experiments 
conducted on three different categories of task sets (small tasks, mixed tasks and large tasks) is presented. 
Keywords: Task allocation, algorithm, meta-heuristic, mesh structure, experimentation system. 
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1. INTRODUCTION 

Recently, processing with many parallel units is gaining on 
popularity very rapidly. It is applied in various environments, 
ranging from multimedia home devices to very complex 
machine clusters used in research institutions. In all these 
cases, success depends on a wise task allocation e.g. 
Koszalka (2006), enabling the user to utilize the power of a 
highly parallel system. Research has shown, that in most 
cases, parallel processing units give only a fraction of their 
theoretical computing power e.g. Buzbee (1983) and 
Kasprzak (1999), which is a multiplication of the potential of 
a single unit used in the system. One of the reasons for this is 
high complexity of task allocation on parallel units. 

Meta-heuristic algorithms have been invented to solve a 
subset of problems, for which finding an optimal solution is 
impossible or far too complex for contemporary computers. 
Algorithms like Tabu Search invented by Glover (1989) and 
Simulated Annealing proposed by Kirkpatrick (1983) and 
developed by e.g. Laarhoven (1987) and Granville et. all 
(1994) are among the most popular. They are capable of 
finding near-optimum solutions for a very wide range of 
problems in a time incomparably shorter than the time that it 
would take to find the best solution, e.g. Glover and 
Kochenberger (2002). 

We decided to adapt three main algorithms for solving the 
allocation problem: the aforementioned – Tabu Search and 
Simulated Annealing as well as a simplified local search  –
Random Search used for comparison. In our approach, we 
decided that we would use also an existing solution for task 
allocation on processor meshes – the First Fit algorithm.  The 
difference from typical approach is that it is not used as a
solution by itself, but only as an algorithm to help evaluate 

the results of the three main algorithms (in each iteration). In 
our product we actually use two incarnations of the First Fit 
algorithm, see Goh and Veeravalli (2008). We consider one 
which is here named First Fit – it is the simplest form of First 
Fit and one which is here named Dumb Fit – it is actually a 
richer form of the classical First Fit, which enables 
reorganization of the task set. Our Dumb Fit is also used to 
generate results that we use as reference when examining the 
efficiency of the main algorithms. Finally, we had to invent 
an evaluating function for the main algorithms. We called it 
Cumulative Effectiveness. The function and its derivative 
Utilization Factor are further explained in following sections 
of the article. To examine our solutions’ efficiency in various 
conditions (mesh sizes, task sizes, task processing times etc.) 
we implemented an experimentation system. It gives many 
possibilities to generate task lists, conduct series of tests and 
to save their results. 

The rest of the paper is organized as follows. Section 2 
exactly defines the problem to be solved, Section 3 describes 
the considered algorithms and pointed out their roles, Section 
4 describes the experimentation system. In Section 5 the 
results of investigations are discussed. Finally, in Section 6 
appear conclusions and final remarks. 

This paper is a development of our previous research 
published in Kmiecik (2010). We have created a new version 
of algorithms, upgraded our experimentation system and 
conducted new, more detailed experiments. 

2. PROBLEM STATEMENT 

2.1  Basic Terms

A node is the most basic element which represents a 
processor in a processor mesh. It is a unit of the dimensions 
of a mesh, sub-mesh or task. Such node can be busy or free. 
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A processor mesh, which thereafter will be simply referred 
to as ‘mesh’, is a 2-D rectangular structure of nodes 
distributed regularly on a grid. It can be denoted as M (w, h,
t), where w and h are the width and height of the mesh and t
is the mesh lifetime. The value of t may be zero or non-zero. 
A zero value means that the mesh will be active until the last 
task from the queue is processed. This value also determines 
the choice of evaluating function, which will be further 
explained later in this article. 

A position (x, y) within a mesh M refers to the node 
positioned in column x and row y of the mesh, counting from 
left to right and top to bottom, starting with 1. 

A sub-mesh S is a rectangular segment of a mesh M – a
group of nodes, defined in a certain moment of time, denoted 
as S(a, b, e, j) with its top left node in the position (a, b) in 
the mesh M, and of width e and height j. This entity, as a 
separate being, has only symbolic value. If a sub-mesh is 
occupied, it means that all its nodes are busy. 

Tasks, denoted T(p, q, s), are stored in a list. All the contents 
of the list are known before the allocation. Tasks are taken 
from the list and allocated on a mesh. There, they occupy a 
sub-mesh S of width p height q for s units of time (thus s is 
their processing time). 

Fig. 1.  A sample depiction of a mesh with 5 allocated tasks. 

A mesh in a certain moment of time – M(w, h, t1), can be 
depicted as a matrix of integers, where each number 
corresponds to a node. Zero can be denoted as a X and it 
means a free node. Non-zero numbers (same for a sub-mesh 
processing one allocated task) indicate a busy node, their 
value is the time left to process the task. Such depiction is 
portrayed in Fig. 1. There, we can see five various tasks 
allocated on a small mesh. 

2.2  Evaluation Functions

The main evaluating function introduced is the Cumulative 
Effectiveness (1). Knowing it and the parameters of used 
mesh we can count a more self-descriptive factor: the Usage 
Factor (2). In (1) pi qi and si are width, height and processing 
time of the i-th of n processed tasks. In (2) w, h, t are width, 
height and time of life of the used mesh. 
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A task, as well as a mesh can be treated as 3D entities when 
we assume that time is the third dimension. Then CE function 
is the cumulative volume of all allocated tasks and U is the 
percentage of mesh’s volume used by the processed tasks. It 
allows us to easily and objectively determine how much of 
the mesh’s potential was “wasted” but how much utilized.

The creation of the CE function and derivative U factor is 
based on assumption that a company, using a processor mesh, 
has a set of tasks to process on their equipment, which 
exceeds the number of tasks possible to process in one atomic 
period of time (mesh’s lifetime, e.g. a day), in the beginning 
of which a single allocation process is conducted. In such 
case it is essential to utilize as much of the mesh’s power as 
possible – this would make its work most effective. 

But there is also another approach, to testing allocation 
algorithms, in which we assume that lifetime of the mesh is 
unlimited, and it is desired to process all tasks in the list as 
soon as possible. Then, as the evaluating function, the Time 
of Completion (3) is introduced. In (3) tfin is the moment of 
time, since the start of processing, when the last of all tasks 
has been executed. 

fintT � (3) 

This factor can only be used for comparing algorithms, not 
for objectively evaluating their efficiency.  

3. THE ALGORITHMS 

3.1 Basic Ideas 

In the paper, we implemented three meta-heuristic local 
search algorithms as the main algorithms: SA – Simulated 
Annealing explained e.g. by Laarhoven (1987), TS – Tabu 
Search explained e.g. by Glover (1989), RS – Random 
Search (not to be confused with simple evaluating of a 
random solution), explained in Kasprzak (1999). All of them 
work for a number of iterations. In each iteration, they 
operate on a single solution and its neighbourhood and 
evaluate the results. Fig. 5 shows the process of a single 
experiment with a main algorithm. 

A solution is defined here as a permutation of tasks to be 
allocated, stored in a list. Such permutation is to be found 
using one of two atomic algorithms (First Fit and Dumb Fit)
and calculating one of the evaluation functions (the index of 
performance) explained above. 

There are also various kinds of neighbourhood to be explored 
by the main algorithms. We implemented two of them: insert
and swap. In case of the first one, a neighbouring solution is 
found by taking one element of the permutation and putting it 
in some other position. In case of the second one, two 
elements are taken and their positions are swapped. 

The success level for each of the 3 main algorithms highly 
depends on the instance of the problem (mesh’s and task’s 
dimensions and life/processing times) as well as on 
algorithms’ specific parameters, the atomic algorithms used 
to initiate them as well as those used during their work. 
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3.2 Random Search (RS) 

RS is the simplest local search algorithm. In each iteration, it 
finds a new solution (calculating the chosen index of 
performance) from the neighbourhood of the current one.   

In the next iteration, the new one becomes the current one 
and the process continues. In RS there are no additional 
parameters except for the number of iterations. This 
algorithm is highly resistant to local minima but it does not 
improve certain solutions too precisely. 

Fig. 2. Block-diagram of RS chain algorithm. 

3.3 Simulated Annealing (SA) 

SA works in a more complex way. Its main parameters are 
initial and final temperatures. During the course of its work 
the temperature drops (logarithmically or geometrically). In 
each iteration, a random solution from the neighbourhood of 
the current one is found and evaluated. When the temperature 
is high there is high probability to accept the new solution as 
the current one, even if it is worse. When the temperature is 
low only these solutions are accepted as new current ones 
which are better. Such approach makes this algorithm 
resistant to local minima in the beginning and precisely 
improving a current solution in the end, going down to the 
nearest local minimum. 

Fig. 3. Block-diagram of SA chain algorithm.

3.4 Tabu Search (TS) 

Our implementation of the TS algorithm is similar to the SA 
algorithm with low temperatures, except for the fact that it 
does not accept a new solution as the current one, if the same 
solution is in the taboo list. Whenever a new current solution 
is set it is added to the taboo list. The taboo list has limited 
length which is the main parameter of the algorithm. This 
algorithm is forced to leave the vicinity of a local minimum. 
This vicinity is limited by the length of the taboo list. At the 
same time TS tries to precisely improve a current solution.  

Fig. 4. Block-diagram of TS chain algorithm. 

3.5 Atomic Functions 

The atomic algorithms that we use are: FF – First Fit and DF 
– Dumb Fit. Their block-diagrams were presented in our 
previous paper – Kmiecik (2010). 

The FF takes a solution and does not modify the  order of 
task permutation. It scans through the mesh from top to 
bottom, left to right. If it encounters a free node, it checks 
whether there is enough  free nodes right from it and below it, 
to allocate the first task from the list. If this try fails, it rotates 
the first task from the list by ninety degrees and tries to fit it 
again. If it succeeds, the task is taken from the list, a 
corresponding sub-mesh is allocated and the algorithm keeps 
scanning the mesh and tries to allocate next tasks until the 
mesh ends. This process is repeated in each moment of 
mesh’s lifetime or until the last task is allocated (if mesh’s 
lifetime is not limited). 

The DF algorithm works very similarly to FF, except for the 
fact, that upon encountering a free sub-mesh, it does not limit 
itself to trying to allocate only the first task from the list, but 
tries each of them. Therefore, it can modify the permutation.

During DF or FF algorithm’s work, the appropriate 
evaluating function value is calculated and then it is returned 
to the one of the three main algorithms that is currently 
performed. 
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3.6 Concept of chain algorithms 

Large number of parameters  of algorithms and problems 
with representing such structure inspired us to create chain 
form of metaheuristic algorithms. The idea of chain 
algorithms is showed on Fig. 2,3 and 4. Consistently we use 
them in our work, for example in batch files, where 
algorithms are defined by chains of parameters:  

RS 30000 insert Dumb_Fit Dumb_Fit 
TS 15000 100 swap First_Fit Dumb_Fit  

4. EXPERIMENTATION SYSTEM 

Our goal was to design such simulation environment that 
would be able to evaluate all combinations of parameters for 
various problem instances. As a result we have developed a 
GUI application, written in the C++ language using QT 
framework, with various abilities to read parameters for the 
experiments and to write their results. The created application 
named CATAM can be run under Microsoft Windows OS. It 
has two main working modes - Single Experiment and 
Command Line Mode. 

Experiment design: 
1 Task parameters 
1 Mesh parameters 
1 Main allocation algorithm used 
1 Atomic algorithm for generation of a initial solution 
1 Atomic algorithm for evaluating a solution 
1 Inner parameters of allocation algorithms used 
1 The number of iterations 

Initialization 
Generating initial solution 
Loop of the algorithm for a given number of  iterations: 

1 Getting a new solution from the neighborhood 
1 Solution processing and evaluation 
1 Comparison of the result with the best solution 

Returning the results 

Fig. 5.  A single experiment concept. 

4.1 Input Variables 

Generally, in all modes of operation, our software allows the 
user to set certain input parameters. First group of them
defines the problem. It allows the user to choose ranges of 
dimensions (p, q) and processing times (s) for the tasks and 
the task-list length. The user can also define the size and 
lifetime of the mesh: w, h, t. All the parameters from the first 
group allow the program to randomly create a task-list and 
define a mesh, which, together, form a problem instance. 
The other group consists of specific parameters of the chosen 
algorithm like: the number of iterations, initial and final 
temperatures for SA, temperature profile for SA, taboo list 
length for TS, etc. Specifying both groups of parameters 
makes it possible to solve a predefined problem with a 
chosen, configured algorithm. 

4.2 Single Experiment Mode 

It allows the user to specify all the parameters easily without 
using an input file and to watch the algorithm work (it’s 
progress and Usage factor value is shown). This mode is 
created to give the user a possibility to check how 
metaheuristic algorithms respond to different parameter sets. 

4.3 Batch  File Mode 

This mode is the preferred one for running a series of 
experiments for a certain research. It allows the user to 
specify path to a file with a pre-designed test series so-called 
multistage experiment design, see Pozniak-Koszalka (2006). 
Such file begins with a set of parameters defining the 
problem instance. Also the number of repetitions for each test 
is specified. When using the command line mode, the user 
can create a batch file (.txt) for a series of series of tests. 

4.4 Outputs 

For a single experiment (see the last module in  Fig. 4), in 
either execution mode, an output file contains a line with 
used parameters for the experiment and lines showing 
Cumulative Effectiveness and Usage Factor values for each 
experiment.

5. RESEARCH 

5.1  Experiment Design

Firstly, a preliminary experiment for finding the best 
parameters for each considered metaheuristic algorithm, was 
carried out. Then, three distinct cases were checked for 
different  categories of tasks, including relatively small tasks 
(as compared with the mesh size), big tasks, and mixed tasks 
(a composition of small and big tasks). In each test, an 
obtained result with Dumb Fit was used as a level of 
reference..  

Table 1. Experiment Design 

Parameter
Test

Mixed tasks Small tasks Large tasks

p 2÷12 2÷6 6÷12

q 2÷12 2÷6 6÷12

s 2÷12 2÷6 6÷12

w 12 50 12

h 12 50 12

t (task-list length
when t=0) 1000 0 (1000 tasks) 1000

tested algorithms SA, TS, RS SA, TS, RS SA, TS, RS

evaluating 
algorithms FF FF FF

initiating 
algorithm DF, FF DF, FF DF, FF

evaluating 
function CE T CE

neigbourhood swap, insert swap, insert swap, insert
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5.2  Preliminary Experiments

First of our preliminary experiments was to find more 
effective neighbourhood. Results are shown in Fig. 6 : 

Fig. 6. Performance of the metaheuristic algorithms for swap 
and insert neighbourhoods. 

Swap neighbourhood gives better results than insert. For both 
Random Search and Tabu Search difference was 3% and for 
Simulated Annealing it was 1% Usage factor. 
After analysis of the results of other experiments we observed 
that: 

1 30000 should be chosen as number of iterations for the 
algorithms. Above that number results are improving very 
slow, but time of processing increases linearly. 
1 The best atomic algorithm for setting a list of tasks for RS 
and TS algorithms is Dumb Fit (3% better results than First 
Fit). For SA algorithm First Fit gives better results (0,2%) 
than Dumb Fit. 
1 We chose First Fit as fitting parameter, because Dumb Fit 
gives better results (4%) but also increases the time of 
processing by over 1000%. 
1 For SA algorithm the best parameters were : geometrical 
temperature profile and initial temperature T=250. 
1 For Tabu Search algorithm, the best Tabu List length was 
1500.

5.3 Mixed Tasks

In this case almost all tests were performed for 30000 
iterations (except for a few with 5000 iterations) for all main 
algorithms for the same task set. For tests in which DF was 
the evaluating algorithm, which significantly increases 
evaluation time, 5000 iterations were tested. The aim was to 
keep all algorithms running for about 100 seconds. Each test 
was repeated 100 times and the mean values are used below 
unless it is specified otherwise. The evaluating function used 
was CE which allowed counting the Usage Factor. 

Results obtained: 
(i) the best result: SA, swap,  
   evaluation function FF,  

    initial temperature=250, geometrical profile  
   U=84.05%, 
(ii) the difference between the best result and the result 
obtained by DF is 9,64%. 

Fig. 7. Performance of the metaheuristic algorithms and 
Dumb Fit for mixed tasks. 

Observations: 
It may be observed, after analysis of the results of series of 
experiments, that: 

1 SA algorithm performed best outperforming TS, RS 
and single DF execution (see Fig. 7).

1 The main factor affecting the effectiveness of SA 
was the initial temperature.  

1 It is a good idea to use DF as a generator for the 
initial permutation in the main algorithms. 
Nevertheless, this does not apply to SA: mean U
value for the same settings, for SA (T0=250, swap
neighbourhood) starting from a random permutation 
was 84.05%, but when starting from the permutation
generated by DF it was 83.86%.  

5.4  Small Tasks

In this case we decided to use the second evaluating factor T
expressed by (3). It is less productive than (1) but still allows 
comparing the algorithms and gives much better ability to 
spare experimentation time. It is so, because for a large mesh 
and small tasks it would be needed to process a huge list of 
tasks, so as not to run out of them in e.g. 1000 units of 
mesh’s lifetime. This would make a series of experiments 
very long to conduct in our conditions. Moreover, due to 
semi-random characteristics of the tested metaheuristic, ones 
that started from a random solution and did not use FF for 
evaluation, gave even worse results, e.g. SA, in such case, 
gave a result of  T=124. 

Results obtained: 
(i) the best result:  algorithms SA/TS/RS: T=98, 
(ii) the difference between the best result and FF: 0. 

These experiments also gave a conclusion, namely one, 
saying that using metaheuristic algorithms for allocating 
small tasks does not make sense. Tasks are here small 
enough, in comparison to the size of the mesh that the FF 
algorithm manages to fit a task from the list into almost every 
free sub-mesh. Therefore, even metaheuristics based on FF’s 
cannot achieve any better result (example plot in Fig. 8).  
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Fig. 8. The values of current and best results for small tasks. 

5.5 Large Tasks 

In this case, achieved results and behavior of algorithm were 
very similar to the general case of mixed tasks (we also used 
the same scheme of testing as then). The achieved result of 
the winning algorithm was marginally better (U=85.44).
Also, as in the case of mixed tasks, SA algorithm was the 
best and the same parameters (as for mixed case) caused the 
best performance. 

Fig. 9. Performance of the metaheuristic algorithms and 
Dumb Fit for big tasks. 

Results obtained: 
(i) the best result: SA, swap,  
     evaluation function: FF,  
     initial temperature= 250, geometrical profile 
     U=85.44%.
(ii) the difference between the best result and the result 
obtained by DF is 19.94%.

6. CONCLUSIONS 

In the paper, there are described and discussed: (i) three 
implemented metaheuristic local search algorithms for task 
allocation on a processor mesh and two algorithms for 
generating their initial conditions, (ii) the created 
experimentation system for testing the algorithms, and (iii) 
results of the experiments.  

The experiments showed that in general, local search 
metaheuristic algorithms are a good tool for solving the 
considered problem. Only for allocating small tasks on a 
large mesh, it is needless to use them as they do not achieve 
better results than the classic FF algorithm which itself 
performs well, due to the easiness of fitting small tasks into 
free sub-meshes. The leader of all our tests was the SA 
algorithm. It defeated all others for tasks of mixed and large 
sizes. It also achieved reasonable results of over 85% of mesh 
usage, which we find quite satisfactory, even though it was 
achieved in a relatively small number of iterations. The 
implemented experimentation environment allows the user to 
easily design whole series of experiments and to check many 
combinations of parameters. 

In the further research in this area we are planning  to 
construct far more thorough and versatile testing environment 
and to implement more algorithms, e.g. the Genetic 
Algorithm, Ant Algorithm, etc.. 
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Abstract: In this paper, we analyze the school bus route optimization problem. It is a crucial social issue 
that concerns faster and more comfortable transport of students to their schools. Moreover, the route 
optimization allows to decrease the ticket price, i.e., to maximize the profit of the provider. Since the 
problem belongs to hard optimization problems, thus, we adapted four meta-heuristic algorithms: Tabu 
Search, Simulated Annealing, Genetic Algorithm, Complete Overview, and invented by the authors 
algorithm called Constructor, and additionally Bellman-Ford algorithm used as a helper. In order to 
measure the efficiency of the considered algorithms we create our own evaluating function called 
Balance and compare results given by algorithms to the maximum found with Complete Overview. 
Finally, we designed and implemented an experimentation system to test these algorithms on various 
problem instances, to emerge the most efficient one.   

Keywords: Algorithms, meta-heuristic, optimization, experimentation system, transport. 
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1. INTRODUCTION 

Since banking crisis from 2008 many companies were forced 
to cut expenses and look for more savings. Moreover, 
nowadays a lot of pressure is put on being green – 
environmentally - friendly, especially when it comes to 
industry or transport e.g. Sk�adzien (2008). A lot of effort 
must be put in analysis and planning process to come across 
these challenges. This paper focuses on optimization of a 
school bus route and proposes the direction of searching 
optimal solutions. The main goal is to find the most 
profitable route (e.g. the shortest path).  

This optimization belongs to non-polynomial problem and 
has a huge solution space, meaning we can not find the best 
solution in polynomial time. For small instances it is easy to 
search through the whole solution space but when instance 
begins to grow, the required time may become unacceptable. 
The only one reasonable way to solve this is to use meta-
heuristic algorithms that were invented to struggle with such 
problems. An idea to consider such algorithms based on 
artificial intelligence like Tabu Search (e.g. described in 
Glover, 1997), Simulated Annealing (e.g. explained in 
Laarhoven, 1987) and Genetic Algorithm (e.g. illustrated in 
Davies, 1987) seems to be promising. 

We decided to adapt all three mentioned ideas for 
implementing algorithms to find an efficient solution to bus 
route problem. In addition, we tried to invent on our own a 
new algorithm and we created the algorithm called 
Constructor which is described in this paper. To determine 
the shortest path from the starting point to the ending point 
through all possible bus routes we implemented Bellman-
Ford Algorithm.  

Moreover, we implemented Complete Overview (CO) 
algorithm to be able to calculate differences between 
maximum and optimum found using meta-heuristics 
(unfortunately, CO may be used only for instances smaller 
than 20 bus routes because of its complexity and the required 
time). Finally, we had to introduce an evaluating function as 
the measure of efficiency for the considered algorithms.  

To assess algorithms' efficiency we implemented an 
experimentation system that allows user to perform series of 
tests, returns the average values and presents them on plots. 

The rest of paper is organized as follows: Section 2 defines 
the problem to be solved. Section 3 describes the considered  
algorithms and their roles in optimization process. Section 4 
shortly presents the implemented experimentation system. 
The results of the research appear in Section 5. Last but not 
least Section 6 provides some remarks and conclusion.   

2. PROBLEM STATEMENT 

There is given a certain urban area (Fig. 1), that consists of 
links and Bus Stops (BSs). Lines represent links, numbers 
next to them represent their lengths and red dots symbolize 
Bus Stops. The beginning of the route is marked by a green 
rectangle, but ending point (rectangle) represents the location 
of the school. It is necessary to determine the most profitable 
constant for a certain time period route of a school bus to 
maximize profits of a bus provider. This means that the route 
may consist only BSs at which the number of pupils waiting 
for a bus is sufficient not to make loses. Once the route is 
planned the bus may omit some BSs which are not on this 
specified route.    
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The basis for making decision on which BS should stop is the 
observation of statistics that deliver the number of students  
(pupils) waiting at a BS on a given time. These values are 
represented by a matrix, in which each row corresponds to 
the next hour in bus transit and the columns show the number 
of pupils (Table 1). 

 
        Fig. 1.  An example of an instance. 

 
Table 1. Students (pupils) statistics. 

              Bus   
              Stop 
Time 

#1 #2 #3 #4 

8:00am 5 5 16 9 

8:45am 6 1 3 11 

9:30am 10 22 4 9 

10:15am 0 2 0 0 

 
The input parameters are listed in Table 2. 
 

Table 2. Input parameters. 

Sign Parameter 

SBS Set of potential BSs 

(xi,yi) BSi coordinates 

Li,j Link length between i and j BS 

Pk,j Pupils at k BS at j transit 

T Ticket price 

DC Driver’s cost 

BC Bus exploitation cost 

J Number of transits 

2.1  Basic Terms 

Bus Stop (BS) is a point on a map where pupils wait for a 
bus to school. Each BS has its coordinates x and y on a map. 

         � �yxBS ,�            (1) 

Set of Potential BSs (SBS) is a collection of all BSs on a 
map, where SBS(i) may be defined by (2). 
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Link (L) is a matrix defined by (3) that describes lengths of 
links between BSi and BSj.. Some BSs may not be directly 
linked to others but each BS must have at least one link. 
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li,j is defined as: 

               � � � �yyxxl jijiji
�� ��

22

,                    (4)

 Route (R) is a path consisting starting point, ending point 
and going through BSs chosen from SBS. A Route may 
contain smaller amount of BSs than SBS. 
 

                )(kSBSR �        where k�i                               (5) 

Ticket Price (T) informs how much each pupil must pay for 
taking a bus. 

Driver's Cost (DC) equals money paid to a driver for driving 
one unit of a length of a Route. 

Bus Exploitation Cost (BC) equals expenses for fuel used 
by a bus after driving one unit of a length of a Route.   

Number of Transits (J) says how many times the bus is 
going a route per a day.  

Route Length (RL) is a length of a shortest path. 

2.2  Evaluating Function 

The evaluating function introduced by us is called the 
Balance (6) interpreted as a daily balance – obtained after one 
day of work. If Q(R) is less than 0 that the provider gets 
loses, if greater than 0 that the provider gets profits.  
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Moreover, to make sure that the bus will not go from starting 
point right to the destination point, we introduce a constraint. 
The constraint describes the minimal percentage number of 
all pupils from the statistics (Table 1) that should be 
delivered to the school (7). 
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3. THE ALGORITHMS 

3.1. Basic Ideas 

For experiment purposes we implemented four meta-heuristic 
algorithms as the main algorithms, including three known 
algorithms (but specially adopted) : TS - Tabu Search, SA - 
Simulated Annealing, GA - Genetic Algorithm, and the 
Constructor (originally proposed by the authors of the paper). 
The first two of them are described e.g. in Wroblewski 
(2003), our adaptation of GA as well as the Constructor are 
explained below. The Route Length is calculated by us using 
Bellman-Ford algorithm. TS, SA, and GA perform 
calculations for a certain number of iterations processing on a 
solution and its neighbourhood. 

A solution is defined as a RL (see 2.1) and the 
neighbourhood is a set of Routes with one different BS, 
without one BS or with additional one BS. 

The performance of each meta-heuristic algorithm is affected 
by a few factors such as an instance parameters (the size of 
SBS) and algorithms' inner parameters.   

3.2. Simulated Annealing (SA) 

In each iteration the solution is replaced by a new one 
randomly chosen from the neighbourhood if the new one is 
better. If the new solution is worse it has 50% of chances to 
replace the previous one. In this particular implementation we 
do not have such thing as temperature that changes the 
probability of replacing solutions. Here probability is 
constant. This is the only one difference between our SA and 
the one described in Laarhoven (1987). 

3.3. Tabu Search (TS) 

Tabu Search is more complex algorithm than SA because it is 
searching through the whole neighbourhood of a solution and 
choosing the best one unlike SA. Moreover TS is more 
resistant to loops thanks to the taboo list. The best found 
solution may replace the previous one only if it differs from 
all the records in a taboo list more than a certain percentage 
value. The length of the taboo list is limited and when it is 
full, the old records are overwritten. 

3.4. Genetic Algorithm (GA) 

This algorithm is based on evolutionary mechanisms. The 
main idea is to create a population of a constant size and 
observe its evolution meanwhile registering the best ones. 
The most interesting here is a cross-over process. It requires 
two individuals and eventually gives two children.  
DNA chain is represented in this situation as a single 
solution. The crossover is described below on an example: 

parent no1: 1001|1101 
parent no2: 1100|0111 
child no1:   1001|0111 
child no2:   1100|0111 

All the solutions have a chance to hand over gens but the 
higher the Price function value of the solution, the higher 
possibility of being picked as a parent. Moreover, each child 
may mutate with probability 50% that leads to changing only 
one randomly picked chromosome. As the population size is 
constant, the newborns must replace the old solutions 
regardless of their breeding history.  

The algorithm implemented in our specified problem is 
described as follows: 

Step 0. Initial population is picked randomly. 
Step 1. Pick parents randomly from existing population. 
Step 2. Perform breeding process.  
Step 3. Choose solutions to extinct.  
Step 4. Add children solutions to the rest of solutions in 
existing population. 
Step 5. Check if the optimization function of each 
solution in current population is not the best global 
optimum from already explored solution space. 
Step 6. Go back to step 1 as many times as the number of 
iterations. 

3.5. The Constructor  

The Constructor was invented by us - an inspiration was the 
idea of searching through a whole neighbourhood while one 
iteration as in TS. Moreover, we assumed that splitting a big 
instance to smaller ones, solving them separately and joining 
all together may come up with quite good results.  

At the beginning the Constructor splits the whole instance to 
smaller instances - containing two BSs, the beginning BS and 
the last BS. The next step is to search through a 
neighbourhood of each small instance and modify them. 
After this operation, the algorithm combines in pairs small 
instances making them bigger. These operations last until the 
joining gives back the initial instance. 

Step 1. For specified short route that consists of beginning 
BS, ending BS and temporary amount of BSs find new 
possible routs picked from the short route's neighborhood. 
Step 2. Check the optimization function for  solutions, 
which include new route. Find the best neighbor. 
Step 3. Modify current solution by including that best 
neighbor as a part of the solution. 
Step 4. Pick next temporary amount of BSs and go back 
to step 1, unless all of BSs has already been picked. 
Step 5. Double the temporary amount of BSs and go back 
to step 1, unless the temporary amount of BSs exceeded 
amount of all BSs. 

3.6. Bellman-Ford (BF) 

The well-known (e.g. Wroblewski, 2003) algorithm BF is 
used to calculate and to determine the shortest path from the 
beginning right to the destination point through chosen BSs. 
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4.  EXPERIMENTATION SYSTEM 

The application was designed, mainly in order to visualize 
the tested algorithms. The application was created using 
Visual Studio 2008. The implementation language was C#. 
Figure 2 shows screenshot of the application window. 
 

 
Fig. 2. Application window. 

In the beginning the user defines an instance of problem by 
putting BSs on the map and creating links between them. 
Next, the beginning and the ending points of the potential 
route are precised and pupil statistics (by clicking and 
selecting properties) is determined. Finally, the user selects 
the considered algorithm and fixes its parameters. After 
clicking on “start simulation” button the application is 
searching for an optimal solution. There is a possibility to see 
an animation of a transit, and some statistics presented also 
on plots (e.g. served BSs, Balance, the percentage of served 
pupils) that allows observing results from each iteration. 

5.  RESEARCH 

5.1  Calibrating algorithms 

The first part of research refers to finding the best parameters' 
values for two algorithms: 

9 Tabu Search, 
9 Genetic Algorithm 

For each new set of parameters, a new simulation was made. 
10 instances were tested, each instance of problem was tested 
10 times. Values in Tables 4 and 5  under all plots are 
averages from whole test. The parameters of the problem for 
the considered instances are shown in Table 3. 

  Table 3. Parameters – set 1. 

Bus Stops 15 
Test iterations 10 
Instances to test 10 
[%] passengers 50 
driver's cost 1 
bus exploatation cost 1 
ticket price 3 
number of transits 4 

5.1.1   Genetic Algorithm 

Tests proved that increasing size of the population as well as 
increasing number of parents do not have a remarkable  
influence on improvement of solution (only about 5%). But 
the number of iterations has vast impact on results (see Table 
4), where  for 60 iterations it differs from the maximum just 
of approx. 18%. Because of slight differences in results 
between 60 and 40 iterations, the optimal value of this 
parameter was taken as equal to 40 in order to minimize the 
required estimation time.  

    Table 4. Results given by GA. 

test 
no. GA CO 

�GA 
[%] population parents iterations

1 1360 1990 46,32 10 6 20 
2 1384 1971 42,41 20 6 20 
3 1292 1765 36,61 20 10 20 
4 1243 1726 38,86 20 14 20 
5 1215 1728 42,22 20 18 20 
6 1256 1610 28,18 20 18 30 
7 1307 1573 20,35 20 18 40 
8 1259 1489 18,27 20 18 60 

 

5.1.2  Tabu Search 

As shown in Table 5, changing only two parameters make 
noticeable difference in precision and taboo list length. 

   Table 5. Results given by TS. 

test 
no.

Tabu 
Search CO 

�TS 
[%] 

Tabu 
list 

length 
% 

Precision Iterations

1 1328 2255 69,80 4 10 20 
2 1361 2074 52,39 4 5 20 
3 1263 1571 24,39 4 2 20 
4 1416 1592 12,43 4 1 20 
5 1489 1595 7,12 4 1 30 
6 1329 1352 1,73 4 1 50 
7 1185 1213 2,36 8 1 50 
8 1445 1505 4,15 16 1 50 

 
Decreasing precision to 1% causes improvement of results in 
comparison to parameters from the first test. Apparently, 
smaller precision allows TS to make smaller but more 
frequent steps. This means, that TS explores larger solution 
space and it is obvious that in this situation the probability of 
encountering better result is higher. The vital parameter is the 
number of iterations - along with the same as in genetic 
algorithm property: the more iterations, the better solution. 
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5.2  Comparison – all algorithms 

The next part of research was to compare to CO all three 
other algorithms with the best inner parameters. Instances of 
parameters were the same as in previous part (Table 5) apart 
from minimal percentage passengers served (% passengers) 
which is variable in this test (Table 6). 
 
        Table 6. Parameters – set 2. 

TS SA GA 
Iteration 50 Iteration 40 
Tabu length 4 Population 20 
Precision 1 

Iteration 50 

Parents 18 
 
 

 
Fig. 3. The average inaccuracy. 

 
According to Fig. 3 the smallest inaccuracy was found for TS 
- from 10% to less than 1% for 90% passengers. The second 
efficiency takes GA - from more than 50% to about 10%. 
Third was  SA and the last place for Constructor. Constructor 
presents the biggest inaccuracy for 50% passengers  (almost 
250% inaccuracy) but its performance improves when 
constraint becomes more strict - 90 %  passengers. Despite 
this surprising one result, the rest leaves a lot to wish and 
disappointed us. 

5.3  TS and SA comparison 

The influence of the number of iterations is shown in Fig. 4.  
 

 
Fig. 4. Comparison of alghoritms: TS vs SA. 

This test justifies an observation(rather obvious) that the 
number of iterations has significant impact on the obtained 
results. The more iterations, the better results is given by the 
algorithm.  

The main observation is that TS gives better results than SA 
regardless of the number of iterations, thus TS algorithm may 
be recommended for searching the optimal route. 

5.4  TS and GA confrontation 

The next experiment was related to observing differences 
between the two metaheuristic algorithms: TS and GA with 
their best parameters apart from iterations which was a 
variable. The rest of parameters used were such as specified  
in Table 3. 
 

 
Fig. 5. Comparison of algoritms: GA vs TS. 

Similarly to the previous test, TS defeats competitor - GA 
regardless of iterations number. Although TS wins this 
competition, the genetic algorithm GA kept pace of TA and 
the results given  by GA were not that bad as in SA case (see 
Section 5.3). 

6. CONCLUSIONS 

To sum up, performed research justified the conclusion that 
TS algorithm gives much better results than SA regardless of 
defined advanced settings for searching the best solution. SA 
may give quite good results but much more iterations are 
needed. The only one algorithm that can compete with TA is 
GA but the average results of tests show that it would rather 
never come up with better results than TA. The Constructor 
algorithm turns out to be the worst and certain improvements 
are needed to make it somehow useful.     

Choosing the best algorithm is half the success, however, 
setting the most appropriate parameters of such algorithm is a 
vital issue. 

The main goal for solving school bus problem is to provide 
an opportunity to every single pupil to reach school on time. 
According to this statement and research presented in this 
paper, the proposed and recommended algorithm for route 
planning is Tabu Search (TS). 
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Abstract: The paper concerns the problem of path finding in wireless ad-hoc networks. Several 
algorithms, including meta-heuristic algorithms, evolutionary algorithm and the created hybrid algorithm, 
are considered. Algorithms have been implemented into a designed experimentation system. The system 
allows making simulation experiments along with multistage experiment design. In the paper, the results of 
some experiments are discussed. Moreover, the comparative analysis of efficiency of algorithms is 
presented. It may be concluded that the proposed hybrid algorithm seems to be promising.  

Keywords: Ad-hoc network, path finding, meta-heuristic algorithms, experimentation system 
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1. INTRODUCTION 

Mobile wireless ad-hoc networks are networks with a short 
period of life. An ad-hoc network is a wireless network to 
which mobile devices that can act both as client and access 
point are connected. The most characteristic feature of the ad-
hoc network is the lack of any central control device, and also 
any device to supervise the operation of this information 
exchange system. Another important feature is the lack of 
fixed network infrastructure. Systems with this type of 
connection, therefore, are characterized by high variability 
and irregularity, which implies the problems absent, or 
present to a lesser extent in the standard fixed infrastructure 
networks, both wired, and wireless. Mobility of devices 
forming such structure is the cause of irregular construction 
and is a reason of frequent changes in the network structure. 
The consequence of these characteristics is high importance 
of algorithms to find not only the shortest path leading from 
source to destination node, but also to be able to find it fast, 
regardless of network structure changes. Performance of the 
algorithm that solves this problem with a large variation of 
the network structure is crucial, because the algorithm will 
have to be used after any change in the network structure. 

This paper in its content aims to present and formulate the 
problem (Section 2), and demonstrate the variety of its 
synthetic solutions (Section 3). Major emphasis has been 
made to describe and present the experimentation system  
created (Section 4), and the results of testing of certain 
algorithms obtained with this system (Section 5). In the final 
part of the paper, the matter of prospects for the future is 
raised, including a summary of the most crucial parts of this 
paper (Section 6). 

2. PROBLEM STATEMENT 

To fully realize the problem of pathfinding in a graph of 
mobile ad-hoc network, one have to imagine a sample 

network, like the one shown in Fig. 1. It is clear to see, that 
from a mathematical point of view, this problem can be 
reduced to find the shortest path between two vertices of a 
undirected graph. 

      Fig. 1. Sample structure of ad-hoc network. 

Mathematical model symbolizing the entire analysed network 
is a non directed, weighted graph. Vertices in the graph 
represent individual devices in the network. Connections 
between the vertices are the physical representation of the 
wireless connections between devices. The weight of each of 
the edges in the form of a specific number, defines the quality 
of the connection. In order to simplify the mathematical 
analysis of the problem, it can be assumed that the larger the 
weight, the worse the connection quality. The final element 
which is necessary to build a full, abstract representation of 
the problem is to determine the conditions of existence of the 
connections between different vertices. 

In the proposed model, the possibility to connect two vertices 
in the graph is defined by their range, which is an abstract 
representation of the range of wireless devices in real ad-hoc 
networks. In the mathematical model, it will also be the 
number given in standardized units, to determine the radius 
of coverage of the given vertex. Based on the radius, it can be 
determined which of the neighbouring vertices of a vertex 
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can connect to it and, therefore, can be connected with an 
edge, what may represent a real connection. 

3. ALGORITHMS 

To carry out the simulation, two proactive algorithms and two 
author's reactive algorithms were implemented during the 
research. Dijkstra's and A* algorithms' main purpose was to 
provide comparison to the reactive algorithm in a modified 
form of Ant Colony Optimization, and one author's hybrid 
algorithm, which is a combination of modified versions of 
two of the selected algorithms. 

Abstract approach to the subject has allowed to obtain greater 
flexibility in the implementation of these algorithms.

3.1 Dijkstra algorithm

Dijkstra's algorithm is an algorithm that always returns the 
optimal or close to the optimal route, although it is 
computationally greedy. In this case, the algorithm has been 
modified in such way, that after finding the path to the 
destination node it finishes the pathfinding process. 

Necessary condition for the algorithm is to divide the vertices 
of a graph into two sets e.g. Dijkstra (1959). One set contains 
the vertices to which paths have been already counted, and 
the other contains all the nodes which have not yet been 
processed. 

Determination of the path is made iteratively. As the first 
vertex, the initial, start vertex of the simulation is set. In the 

3.2  A-star algorithm

A* algorithm, like Dijkstra's algorithm, gives the optimal 
path between two vertices of the graph, but to calculate the 
path it uses heuristics e.g. Abolhasan, Wysocki, Dutkiewicz 
(2003). 

The algorithm minimizes the function f(x) = g(x) + h(x)
where g(x) is the distance from the start node to the vertex x
and h(x) is the path predicted by the heuristic from the vertex 
x to the destination node. Values of f(x), g(x) and h(x) are 
stored in three tables e.g. Wirth (1976). 

As heuristic functions, we have chosen the „Euclid” function 
(1), and „Manhattan” function (2). 

� � � �22 ....)( YendYxXendXxxh ����          (1)  

YendYxXendXxxh ....)( ����                 (2) 

Determination of the path is iterative, as in Dijkstra's 
algorithm e.g. Marina, Das (2001). 

3.3 ACO algorithm

The idea of the ant colony optimization is to base the 
algorithm's work on the behaviour of the colony of ants, 

seeking a route from their nest to food source and back again 
e.g. Dorigo, Stützle (2004). 

Ants, as they move along the edges of the graph, leave their 
pheromone to indicate to the other ants that the edge has 
already been visited e.g. Blum (2005). With time, the 
concentration of pheromone Pc on the edges of the graph is 
decreasing with concentration loss factor l, according to (3). 

lPP cc C�             (3) 

Pheromone concentration loss process is continuous and 
occurs at the beginning of each run of the algorithm's 
iteration e.g. Dorigo (2007). 

Author's modified ACO distinguishes ants into two 
categories: forward and backward ants. Forward ants' main 
purpose is to explore the graph and find the destination node. 
When forward ant reaches the destination, it sends back 
backward ant and dyes. Backward ants are much more likely 
to follow the pheromone, because their priority is to 
consolidate the route and get back to the source node quickly, 
from where they send forward ants again. 

In a classic implementation of this algorithm, routing tables 
are used to locally memorize the results of the algorithm's 
work in the network. For the means of an abstract 
implementation, routing tables have been omitted, as 
assumed that the subject of the research was the path finding 
itself, rather than maintaining the route within a given 
instance of the problem. 

Determination of path length in this algorithm is made in an 
iterative manner. The path which ant chooses for the next 
step is added to the total value for each ant. Final result is 
determined as the shortest path of all of the ants. 

3.4 Hybrid algorithm

Hybrid algorithm is an author's algorithm, which was 
developed in response to the need to reduce the cost of 
finding the path, regarding the implementation of the first n 
steps as quickly as possible, and then, after a quick 
advancement in path selection in the first stage, further 
optimization of the path made by using one of specialized 
algorithms e.g. Michalewicz (1996). 

To implement this algorithm, modified version of Ant 
Colony Optimization was implemented in conjunction with 
Dijkstra's algorithm e.g. Botea, Muller, Schaeffer (2004). 
Modification has been made to limit the amount of ants and 
to modify the way the ant chooses its next vertex in the 
graph. Algorithm obtained in this way allows for a close to 
random, but relatively controlled first n steps, which will be 
made. After completing n steps, the ACO finishes and passes 
its current vertex as the starting vertex for the next algorithm. 

After the calculation of the initial direction, Dijkstra's 
algorithm is run, which is aimed to find the path to the 
destination node if it has not been reached yet e.g. Cormen,  
Leiserson, Rivest, Stein (1990). 
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Path length in this algorithm is made in an iterative manner, 
as a sum of path values given by both of the algorithms. 

4. EXPERIMENTATION SYSTEM 

4.1 Implementation environment and requirements

The Windows platform has been chosen as an 
implementation environment, on which an application in C# 
programming language has been created. To run the 
simulator, the workstation must be equiped with Windows 
2000/XP/Vista/7 operating system and .NET Framework 3.5. 

4.2 Application features

The simulator has an interface that allows the user to easily 
configure all the parameters of the application. Moreover, its 
construction allows to quickly and easily extend its 
capabilities, including possible addition of new algorithms. 

4.3 Functional features of the application

After launching the simulator application, the application 
main window appears, as shown in Figure 2. The main 
window is divided into four clearly separated areas. 

        Fig. 2. Application main window. 

The largest area of the application window is the area of 
simulation (A). In this area the graph representing the 
specific problem, and the effect of the algorithm will be 
shown. It is also possible to modify a specific instance of the 
problem before running the algorithm itself. 

In the settings area, (B), we see the basic parameters that can 
be modified in the program. The first one is the parameter 
determining the number of vertices in the graph, which which 
is to be generated (1). 

Next are two buttons, allowing to save the current graph to a 
file and load a saved graph to the program (2). 

A select form (3) allows to choose a specific instance of the 
problem saved earlier. To add a graph to the list, save it in a 
subdirectory called „Graphs” in the root directory of the 
simulator. After adding the file and restarting the application, 
saved graph appears on the defined graphs selection list.  

Under the selection of defined graphs, we see the graph draw 
button (4), allowing to generate a random graph, consisting of 
the number of vertices determined by the parameter (1). 

Vertex positions are random according to normal distribution. 
If the arrangement of the vertices is not satisfying, it is 
possible to draw another instance by re-clicking on the 
„Randomize” button, or manually modifying the position of 
given nodes. Nodes in the simulation area can be moved 
using drag-and-drop method. 

Below are two fields that allow to interfere in the amount of 
information displayed in the simulation. „Show ranges” 
select (5), displays the circle around each of the nodes, 
symbolizing node's range in relation to the other vertices. 
Selecting „Show numbers” parameter (6) will cause a number 
to appear next to each node which enables its identification. 

Number (7) in the illustration has been assigned to a button 
that connects all vertices in the graph. Connections are made 
on the basis of nodes range. The connection between the two 
vertices a and b may occur if, and only if, the range r of the 
vertex with less value is less than or equal to the distance dab
between the vertices (4). 

� �
!
�
� �

�
elseif

drr
baC abba

:0
),max(:1

,          (4) 

The next two fields, (8) and (9), allow the selection of the 
source and destination node in the graph. Algorithms will 
find the shortest path between the initial and final vertex, 
using only the available connections. There is a possibility 
that it will be impossible to find any path between two 
selected vertices. 

After selecting the initial and final vertex, an algorithm that 
will look for the shortest path between them can be chosen. 
Selection of the algorithm takes place by selecting from the 
drop-down list (10). 

If the algorithm supports additional parameters for its 
operation, before the start of the simulation it is possible to 
configure the parameters in „Algorithm Properties” tab (16). 

The last parameter that can be set is the „Step delay” (11). 
Here the number of milliseconds that the simulator will wait 
after each step of the algorithm can be specified. Note that 
due to the large variety of algorithms, this parameter is purely 
indicative. 

Additional button „Clear logs” (12), is used to delete the 
exported results of the algorithm run. 

The last option available in the main settings area is a field 
which allows to enable or disable algorithm run history (13). 
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When this option is enabled, step-by-step algorithm history 
analyse is possible in the „History” tab (15). 

Algorithm results field (C) is located under the main settings 
area. Basic results of algorithm run are shown in this field. 

Below the simulation area two buttons marked „Start” and 
„Stop” are located (D). These buttons allow to start and stop 
the simulation. 

Current algorithm run information are shown in the live 
statistics area (E). These statistics are updated with every step 
of the algorithm, so if the delay of the algorithm iteration was 
set, it will be possible to analyse statistics during the run of 
the algorithm. 

4.4 Realization of the research

Implementation environment allows for testing of the 
algorithms in several aspects. The key parameter, which is 
the subjected of the tests, is the overall quality of the path di,
which is obtained as a result of the algorithm run and it is the 
target function (5) that has to be minimized by each of the 
algorithms. 

;�
i

ic dF                        (5) 

At the same time, the algorithm must visit the least amount of 
vertices possible, and take the smallest amount of time for its 
action. Number of vertices visited by the algorithm and the 
time of his realization are associated with its actual demand 
for resources and traffic generated by the algorithms in the 
network, therefore the quality of these parameters is not left 
without a meaning to the estimation of the quality of 
functioning of the algorithms. 

Remaining at the level of abstract simulation of the behaviour 
of algorithms for searching paths in the graph, the quality of 
paths and quantity of visited vertices is taken into account 
and in this respect, the algorithms are compared. 

5. INVESTIGATIONS 

5.1 Research thesis

It is estimated that Dijkstra's algorithm provides an optimal, 
or very close to the optimal solution, but obtains it at great 
expense of calculation, which should result in relatively long 
run time. In the real network environment, the additional 
disadvantage of this algorithm is the need to process the 
entire graph each time a request to find the appropriate path is 
sent.

A* algorithm, based on the heuristic methodology, as a result 
of its action finds the optimal solution to the problem, using 
relatively large amount of resources to obtain it, so it 
predictably is to visit a large number of nodes in the graph. 

Another approach to the problem is presented by the Ant 
Colony Optimization which in contrast to the other 
algorithms can run in the network for a long period of time, 

gradually improving the result and adapting to various 
network structure changes. In its abstract implementation, 
this algorithm should not show up in finding the optimal 
path, since the run time has been limited. Noteworthy, in the 
real implementation of the algorithm it exhibits a high degree 
of flexibility to adapt to rapidly changing network topology. 

Experimental implementation of the hybrid algorithm is an 
interesting subject of research. It is difficult to accurately 
predict the algorithm behaviour and possible results, but 
according to the assumptions, the algorithm is to provide 
relatively satisfactory outcome in the short period of time, 
while showing a small number of visited vertices. 

5.2 Experiment design

Each algorithm will be tested for five different numbers of 
vertices in the graph. Instances of graphs with 20, 30, 50, 70 
and 100 vertices were selected, and saved in order to provide 
the same test environment for each of the algorithms. 

For each of the numbers of vertices in the graph and the 
values of parameters of each algorithm, ten measurements 
will be made, which will allow to objectively asset the quality 
of the results, thus calculating the average results for each of 
the algorithms. 

Summary of planned research is presented in Table 2. All 
experiments will be made in a research environment 
described earlier. 

Table 2. Experiment Design. 

Algorithm Parameter Vertices quantity 

Dijkstra - 20 30 50 70 100

A* Euclid 20 30 50 70 100

A* Manhattan 20 30 50 70 100

ACO Pc = 0,0004 20 30 50 70 100

ACO Pc = 0,0016 20 30 50 70 100

ACO Pc = 0,0064 20 30 50 70 100

ACO Pc = 0,0128 20 30 50 70 100

Hybrid n = 5 20 30 50 70 100

Hybrid n = 10 20 30 50 70 100

Hybrid n = 20 20 30 50 70 100

5.3 Results and discussion

To address the results obtained during the experiments to 
raised earlier research thesis in the best possible way, 
especially relevant results have been chosen to confirm the 
thesis. 

In the first place, the first of the thesis, concerning the 
efficiency of Dijkstra's algorithm, was put under question. 
Performed simulations of the algorithm run time for 100 
vertices, shown in Fig. 3, confirm the assumption that the 
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algorithm is characterized by a relatively low efficiency, 
needing a lot of time to process all the data. 

Run time for graph with 100 vertices
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           Fig. 3. Algorithms run time for 100 vertices. 

It is worth noting that a high processing time has also been 
obtained for the hybrid algorithm, which greater part for the 
graph of 100 vertices is Dijkstra's algorithm, which further 
confirms the truth of stated thesis. 

A* search algorithm, due to the complex structure of the 
implementation using the heuristic methods, has proved to 
visit the largest number of vertices, which confirms the 
related thesis. Example of the number of visited nodes for the 
graph of 30 vertices, shown in Fig. 4, classifies it right after 
the Ant Colony Optimization, which in the actual 
implementation is intended to work without the time 
limitation. 

Visited nodes for 30 vertices
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           Fig. 4. Visited nodes for 30 vertices. 

A noteworthy fact is that irrespective of the type of used 
heuristic function, A* algorithm, according to the thesis, is 
characterized by a large number of visited vertices, and so, in 
fact, a large number of generated connections, but generating 
the optimal solution of the pathfinding problem. 

According to the thesis set for the Ant Colony Optimization, 
it did not provide optimal results, however, it is able to adapt 
to the network structure. Figure 5 shows how the path quality 
obtained by the ACO differs from the quality of paths 
developed by other algorithms in adequate run time. Clearly, 
author's ACO algorithm is able to find very good quality path 
and is further characterized by very high flexibility of action.  

Impact of used algorithm on solution quality
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               Fig. 5. Path length for 30 vertices. 

It is worth to note, that the quality of path obtained by the 
ACO changes with the pheromone concentration loss factor. 
Fig. 6 shows, that properly chosen pheromone loss factor can 
help to make the algorithm even more effective. 

Impact of pheromone concentration loss factor 
on solution quality in ACO
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    Fig. 6. Pheromone loss impact on solution quality in ACO. 

The results of an experimental hybrid algorithm proved to be 
a confirmation of assumptions of its possible behaviour. With 
the increase in the contribution of modified Ant Colony 
Optimization, which means increasing the importance of the 
pseudo-random part of the algorithm, hybrid algorithm 
significantly increased the speed of its operation. 

As shown in Fig. 7, the implementation of the first 10 steps 
using the modified ACO resulted in a drastic reduction of the 
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algorithm run time, at the cost of decreasing the quality of the 
solution. 

Hybrid algorithm run time
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               Fig. 7. Hybrid algorithm run time. 

With the increase of the n parameter, the number of steps 
taken by the algorithm has significantly decreased. The 
dependence is shown on Figure 8. Number of visited vertices 
remained more or less stable, which further emphasizes the 
importance of pseudo-random part of the algorithm to reduce 
the amount of the calculation. 

Hybrid algorithm reliability
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             Fig. 8. Hybrid algorithm reliability. 

Close to random nature of the hybrid algorithm is stressed by 
the fact that for the n parameter value equal to 20, the number 
of performed steps has slightly increased, which is caused by 
too much involvement of the random part of the algorithm. 
An appropriately balanced algorithm parameters can improve 
the overall quality of obtained results and the algorithm itself 
provides promissing results and a solid basis for further 
research and development. 

6. CONCLUSIONS 

Research carried out under the project allowed to draw far-
reaching proposals for the design of systems based on the 
idea of finding a path in wireless ad-hoc networks. 

Diversity of the algorithms realizing the routing in wireless 
ad-hoc networks available to implement requires to clarify 
and clearly specify the system requirements. When it is 
known that the system must be resistant to changes in 
network and rapid adaptations to new conditions, it is advised 
to use algorithms that provide the desired flexibility, for 
example, Ant Colony Optimization algorithm. If the key is to 
obtain a satisfactory solution to the problem in the shortest 
time possible and subject minimize the consumption of 
resources, a good solution could be a hybrid algorithm, 
similar to the algorithm implemented for this project, which 
can combine the best features from selected algorithms while 
maintaining an appropriate balance between their drawbacks. 

In the future implementation of similar project, the right 
direction would be to develop the idea to closer simulate the 
reality, gradually moving away from abstract approaches. 
This would enable more specific implementation of the 
algorithms for selected problems and to conduct more in-
depth research. Nodes could use the parameters of the actual 
nodes of ad-hoc network, which combined with assigning 
more details to the connection between two nodes would 
increase the level of realism, which would help to carry out 
further tests, developing more accurate reflection of reality. 

Program providing the role of the simulation environment 
was designed with a possibility to expand it with additional 
modules. Increasing the functionality and reducing the level 
of abstraction can provide a solid basis for future research in 
this topic. 
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Abstract: This paper’s main goal is to discuss useful optimizing methods of database queries based 
on PHP, MySQL and PostgreSQL examples. The research was done on the specially prepared 
environment: computer workstation with Apache, PHP, MySQL and PostgreSQL installed on it. 
The databases storing different amount of data were prepared. Several aspects of optimization were 
researched, including: Influence of using cache on processing time while querying on the example 
of DATA field; Researching queries that use SELECT * structure; Influence of adding LIMIT 1 
condition on processing time when searching for unique line; Influence of field indexing on 
processing time; Comparing ENUM and VARCHAR fields; Researching different methods of 
querying for a random line.   
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1. INTRODUCTION 
�
Imagine the situation when one stands in front of the 
exclusive buffet with countless amount of delicious courses. 
The task is to try them all, but first you have to think through: 
in which order. Which flavors in combination with others 
flavors would give the maximum of the  pleasure? 

Quite similar, but less enjoyable and subjective, are the 
problems that databases programmers have to face. While 
designing a database queries one has to remember that there 
are many different ways in which the DBMS can execute 
tasks and acquire the answers. Of course, all the methods 
give you the same results, but the processing times will 
differ. The objective of this paper is to describe and to 
present the results of the tests made using the query 
optimization methods. All the tests were made on Apache 
Server and two databases: PostgreSQL and MySQL. All  the 
scripts that contain queries were written in PHP. 

The rest of the paper is organized as follows. Six aspects of 
query optimization is presented in Section 2, and in Section 3 
the used approaches are described. The designed and 
implemented experimentation system is presented in Section 
4. Sections 5 contains results of investigations. Final remarks 
appear in Section 6. 

 
2. ADDRESSING THE PROBLEM 

�
This paper will closely focus on 6 aspects of query 
optimization: 
1. The influence of using cache while querying on the 

example of DATA field:  The most of the database 
servers have a built-in and turned-on cache option 

(Hernandez, 2003). It is considered as the most effective 
method of reducing the time needed for executing the 
query.  When the same query is to be processed many 
times, the result is kept in the cache memory which is the 
fastest memory available. The problem is that there are 
many conditions under which the cache memory is 
blocked and not used, as in example: 
$r = mysql_query(“SELECT Name FROM 
Workers WHERE HireDate >= CURDATE()”); 
For this query cache memory will not be used, because 
the result of CURDATE() function is not known so, the 
query cannot be compared with previous ones.  

2. Researching queries that use SELECT * structure. 
3. Looking at queries that check if the database contains at 

least one line that fulfill given conditions. In that case, it 
happens that programmers do not add LIMIT 1 condition, 
for example: 
SELECT SQL_NO_CACHE * FROM 
‘Workers_100k’ WHERE HireDate <= 
‘2010-01-24’; 

4. The impact of field indexing on processing time: How can 
we improve the query performance using indexing? 
(O’Neil, 1997) 
SELECT SQL_NO_CACHE Surname FROM 
‘Workers_100k’ WHERE Surname LIKE ‘a%’ 

5. Comparison between ENUM and VARCHAR fields: How to 
improve the processing time with queries that ask for 
lines containing VARCHAR field?  

6. Looking at different methods of querying for a situation 
contained queries for random rows.  Query to optimize: 
SELECT Name FROM Workers WHERE 
HireDate <= ‘2010-01-24’ 
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3. DESCRIPTION OF APPROACHES 

For the problems presented in Section 2, the following 
approaches were considered: 
Ad.1. The reason why cache was disabled is using the 
function CURDATE(). This situation takes place every time 
for non-deterministic function like NOW() or RAND(). This 
kind of functions can return unique results every time. To 
solve the speed problem with the current date function we 
should try to get current date in PHP and build a query which 
contains that date. In this way we can cache our query for 
whole day until midnight, as in example: 
SELECT Name FROM Workers WHERE HireDate 
<= ‘2010-01-24’; 
Ad.2. More data to search always mean more time is required 
to get the results. Looking at the most of web applications 
scripts which use databases connections we can find many  
examples when programmers get all of the fields from the 
row (by using select *). When we launch this kind of queries 
we can access the every field by filtering the array in PHP. 
This means that if we want to read only one field from whole 
row, the rest fields are just wasting server memory  and they 
are not used. This situation is very important when the 
database server location is far away from PHP server. To 
solve that problem we should always point to the database  
which fields are interesting for us. For example, when we 
want to read only the name of the worker that has id no 666 
we should use: 
SELECT Surname FROM Workers_100k Where id 
= 666; 
Ad.3. Solution for this kind of problem is to add condition 
LIMIT 1 at the end of the query. In this way the database 
engine stops after first fitted row instead of looking for the 
other that matches in  the database. 
SELECT Surname FROM Workers_100k Where id 
= 666 LIMIT 1; 
Ad.4. To improve the speed of getting the results, we should 
create a columns index for the things that we are searching in. 
This solution is a very good method when we are looking for 
a common searching field. For example when we are looking 
for workers surnames: 
CREATE INDEX IndexName ON ‘users’ 
(last_name);
SELECT SURNAME FROM ‘users’ WHERE 
last_name LIKE ‘a%’; 

Ad.5. ENUM columns are very fast to search. Even though 
they are store at database as TINYINT they can contain a 
string.  When we have a VARCHAR field that contains many 
similar values (for example status as active, suspend and 
locked) we should use ENUM to save a lot of memory. 
Ad.6. To find the better way to get random row from  the 
table in a database we compare two of them together. The 
first one is to count all of the rows in a table, and then to 
generate random number in PHP which will be the number of 
our  random row. The second way of approaching this 
problem is to use a RAND() function in SQL query. 
$polecenie1 = "SELECT count(*) FROM 
workers";
$w1 = mysql_query($polecenie1); 
$d = mysql_fetch_row($w1);
$rand = rand(0,$d[0] - 1); 

$polecenie2 = "SELECT $pole FROM workers 
LIMIT $rand, 1";
$w2 = mysql_query($polecenie2); 

4. EXPERIMENTATION SYSTEM 

We were testing the queries before and after modification in 
our web application. Application was based on PHP and 
could run with two SQL databases (MySQL and 
PostgreSQL).  We decided to work on these servers because 
there are open sourced and there are free of charge for 
everyone. The testing environment involved an ASUS 
M50VN with dual core CPU (2,26 GHz) and 3GB of RAM. 
We were working using Windows Vista Home Premium with 
Service Pack 1 32bit system with WAMP server which 
contains Apache Server, MySQL and PHP. Additionally, we 
also integrated a PostgreSQL with it. In both databases 
(Table 1 and Table 2) we created the same tables. Remark: In 
Table 2 the xxx is a number of rows. 
 
Table 1. Structure of data_pwr database. 

Table name rows size 

Departments 10 2,2 KB 

Workers_1k 1 000 93,5 KB 

Workers_10k 10 000 918,1 KB 

Workers_100k 100 000 8,9 MB 

 
Table 2. Structure of Workers_xxx table. 

Field Type Info 

Id Int (11) Auto_icrement 

Name Varchar (255)  

Surname Varchar (255)  

City Varchar (255)  

Street Varchar (255)  

HireDate Date  

DepartmentID Int (11)  

Status Varchar (20)  

Status2 Enum (‘active’, 
‘locked’, ‘suspend’)  

 
The application runs using AJAX to send queries and to show 
the results. Using the application it is possible to identified 
the specific problems, including the following: 

TEST1 – Influence of using cache while querying on the 
example of DATA field 
TEST2 – Researching queries that use SELECT * structure 
TEST3 – Researching queries that check if the database is 
containing at least one line that fulfill given conditions. 
TEST4 – Influence of the field indexing on the processing 
time. 
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TEST5 – Comparison between fields for ENUM and 
VARCHAR. 
TEST6 – Looking at different methods of querying for a 
random row. 
 

 
Fig. 1. Application interface. 

Our application is able to test any two queries typed in by the 
user. The user also is able to choose the database engine and 
the number of repeats. On the right side of screen after 
running the test we are able to see the statistic for our test. 

5. RESULTS OF INVESTIGATIONS 

In Tables 1 – 6, we present the results of our research 
obtained during six tests corresponded to the approaches 
discussed in the previous sections. The results are also shown 
in convenient way on Figures 2 – 7. In figures the vertical 
axis represents productivity growth in percent (for example, 
200% means two times faster run). The horizontal axis 
represents the number of repeats. 
 

 
Fig. 2. Test 1 - comparison. 

 
Table 3.  Results of Test 1. 

Repeats 1k_m
ysql 

10k_m
ysql 

100k_
mysql 

1k_pgs
ql 

10k_p
gsql 

100k_
pgsql 

10 721% 584% 752% 125% 189% 201% 
100 842% 911% 878% 129% 205% 217% 

1000 762% 906% 1035% 123% 205% 232% 
10000 799% - - 124% - - 

 

 
Fig. 3. Test 2 - comparison. 

Table 4.  Results of Test 2. 

Repeats 
1k_
mys
ql 

10k_m
ysql 

100k_
mysql 

1k_pg
sql 

10k_p
gsql 

100k_
pgsql 

10 13% 18% 17% 13% 13% 24% 
100 6% 7% 9% 9% 5% 12% 

1000 7% 7% 15% 8% 14% 18% 
10000 11% 11% 12% 9% 10% 11% 

 
 

 
Fig. 4. Test 3 - comparison. 

Table 5.  Results of Test 3. 

Repeats 
1k_
mys
ql 

10k_
mysql 

100k_
mysql 

1k_pg
sql 

10k_p
gsql 

100k_
pgsql 

10 5% 199% 500% 5% 53% 530% 
100 6% 202% 475% 5% 54% 578% 

1000 6% 189% - 5% 54% - 
10000 6% - - 5% - - 

 
 

 
Fig. 5. Test 4 - comparison. 
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Table 6.  Results of Test 4. 

Repeats 
1k_
mys
ql 

10k_
mys
ql 

100k_
mysql 

1k_pg
sql 

10k_p
gsql 

100k_
pgsql 

10 18% 12% 2% 1% 0% 17% 
100 20% 4% 3% 2% -4% 1% 

1000 49% 2% 2% 1% -2% 6% 
10000 26% 2% - 1% 0% - 

 
 

 
Fig. 6.  Test 5 - comparison. 

 
Table 7. Results of Test 5. 

Repeats 
1k_
my
sql 

10k_
mysql 

100k_
mysql 

1k_pg
sql 

10k_p
gsql 

100k_
pgsql 

10 2% -12% 0% 3% 6% -1% 
100 1% -3% -1% 1% -2% -2% 

1000 1% 3% - 0% -3% - 
10000 0% - - 0% - - 

 
 
 

 
Fig. 7.  Test 6 - comparison. 

 
Table 8.  Results of Test 6. 

Repeats 1k_my
sql 

10k_m
ysql 

100k_
mysql 

1k_p
gsql 

10k_p
gsql 

100k_
pgsql 

10 166% 159% 2224% 3% 82% 116% 
100 216% 201% 1602% 4% 10% 109% 

1000 227% 112% - 6% 1% - 
10000 223% - - 17% - - 

 
 
 
 
 

6.  SUMMARY 

Looking at the obtained results (shown in Section 5) we can 
observe that most of our modifications increase the 
productivity. 

The designed and implemented application, considered in this 
paper, can be easily modified in the future, in order  to work 
with the other databases and more potential test scenarios. 
The application has an open structure, so we can use it to 
compare times of run for any two queries. We can run the 
first query, and after that modify table and  automatically run 
the second query. In this manner we can compare a lot of 
different scenarios. 

Unfortunately, our workstation was not capable enough to 
store the entire test in some cases e.g. when the number of 
rows was close to 100 000. Because of that limit, we are 
thinking about moving the application to other – more 
efficient server. 
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Abstract: In this paper, we present some properties of the nonlinear continuous-time generalized 
predictive control (NCGPC) when this latter is applied to nonlinear single-input single-output (SISO) 
systems with a relative degree equal to one or two. From a simple change of coordinates, the resulting 
closed-loop linear system has, among others, the following properties: for a relative degree one, its 
equivalent time response is double the prediction horizon time; for a relative degree two, its overshoot is 
constant and equal to 0.685 with a natural frequency of 1.83 times the inverse of the prediction horizon 
time. The control law is applied to two academic examples. Some simulation results are shown to 
highlight these properties. 
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1. INTRODUCTION 

Predictive control was introduced by Richalet et al. (1978) as 
a heuristic predictive model for the control of industrial 
processes. Long-range predictive controllers based on 
predictive strategy as PCA (predictive control algorithm) and 
DMC (dynamic matrix control) have also been used in Bruijn 
et al. (1980) and Cutler et al. (1980) respectively. Clarke et 
al. (1987a, b) give a more general approach of this method 
known as generalized predictive control (GPC) for discrete 
time systems. Demircioglu et al. (1991, 1992) introduced, 
respectively, continuous time generalized predictive control 
(CGPC) and multivariable CGPC, namely MCGPC, finding 
that it is more natural to solve problems of control in the 
continuous time domain. Chen (2001) and Chen et al. (2003) 
propose a control design method based on predictive control 
for nonlinear systems, for which prediction is based on 
expansion in Taylor series. A major result of this control 
design method is that closed-loop stability is guaranteed 
when the relative degree of the considered nonlinear system 
is less than or equal to four. In this paper, we focus our study 
on the properties of the closed-loop linear systems resulting 
from NCGPC control law when this latter is applied to 
nonlinear systems with relative degree one or two. Interesting 
properties rise from this study: 1) a SISO nonlinear system of 
dimension one equal to its relative degree, has a time constant 
and a time response, respectively equal to 1.5 times and 2 
times the prediction horizon time, via NCGPC control law; 2) 
a SISO nonlinear system of dimension two equal to its 
relative degree, has a constant damping ratio equal to 
Q = 0.685 for any given value of the prediction horizon time 
T and an undamped natural frequency equal to Rn = 1.83 / T. 

The paper is outlined as follows: section II presents 
unconstrained NCGPC while section III highlights the 
properties of the considered nonlinear system of dimension 
one or two. In section IV, applications are presented through 
two academic examples. 

2. UNCONSTRAINED NCGPC 

2.1  System considered 

Consider a nonlinear SISO system of the form 
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where x ∈ X ⊂ ℜn, y ∈ Y ⊂ ℜ and u ∈ U ⊂ ℜ. The goal is to 
find a control law so that the output y(t) of (1) tracks 
asymptotically a given reference signal L(t). Unconstrained 
predictive control consists in deriving a control law by 
minimizing a receding horizon performance index (or 
criterion), in a finite prediction horizon time without taking 
into account constraints on the vector state, the input and on 
the output. 

2.2  Relative Degree 

To simplify the exposition, the standard geometric notation 
for Lie derivatives is used in this paper. For a real-valued 
function h on ℜn and a vector field f on ℜn, the Lie derivative 
of h along f at x ∈ ℜn is given by: 
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The nonlinear SISO system (1) is said to have a relative 
degree S around x0 if 

(i) 0)( =xhLL k
fg  for all x in a neighbourhood of x0 and all 

k < M-1, 

(ii) 0)( 01 ≠− xhLL fg
ρ , regarding Isidori (1995). 

Regarding Chen (2001), the relative degree M of (1) is said to 
be well-defined if (1) has the relative degree M at all points in 
an operating set. 

2.3  Zero Dynamics 

Zero dynamics corresponds to the dynamics describing the 
internal behaviour of the system when input and initial 
conditions have been chosen in such a way that the output 
remains identically zero, Isidori (1995). 

2.3  Error Prediction 

The way to predict the output is based on the expansion in 
Taylor series. An approximation of the reference signal is 
done in the same way. The expansion in Taylor series of 
output y up to an order equal to relative degree M is 
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where t is the present instant, t + N the moment for which the 
prediction is made. R(TS) which represents high order terms 
of the Taylor series expansion of the output is neglected in 
the following. From this, 
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with 
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An expression of the reference signal R can be obtained in 
the same way. As our goal is to find a control law so that the 
output y asymptotically tracks the reference signal R, let us 
define the error e(t) = y(t) - L(t). Therefore, with an 
appropriate control law, the error is equal to zero in a finite 
time if and only if the output is equal to the reference signal. 
The error prediction can then be defined as 

)(ˆ)(ˆ)(ˆ τωττ +−+=+ ttyte   (6) 

where )(ˆ τ+ty  and )(ˆ τ+tw  denote, respectively, the 
approximated predicted output (4) and the approximation by 
Taylor series of the reference signal for any given instant T. 
Let 
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Rewriting (6) in the matrix form yields 

)()()(ˆ tEte ττ Λ=+    (9) 

where )()()( ttYtE Ω−= . 

2.4  Control Law 

The control law will be derived under the assumptions in 
Chen (2001) and Chen et al. (2003). Consider the receding 
horizon performance index 
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where +ℜ∈ *T  is the prediction horizon time and T a given 
instant belonging to interval [t, t + T]. Plugging equation (9) 
into (10) yields: 
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For practical reasons, let us define the prediction matrix as 

� ΛΛ=Π
T
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where Π(T, S) is of dimensions (S + 1)×( S + 1). Thus to 
derive the control law, we need to minimize the criterion with 
respect to control u. This yields: 
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Vector E can be written as follows: 
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Separating terms which contain u from those that do not, 
yields:  
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Therefore 
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For the sake of simplicity let us define 

))(())(( 1 txhLLtxD fg
−= ρ    (17) 

Thus substituting expression ))((1 txhLL fg
−ρ  by )(tD  in 

equation (16) and the resulting equation in (13) yields: 
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After simplifications, we obtain:  
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where Πs, of dimensions 1 × (S + 1), corresponds to the last 
row of the prediction matrix. As the relative degree is 
supposed well-defined, D cannot vanish for all x ∈ X. 
Therefore, separating (19) into two parts, one with the control 
law u on the left-hand side and other without it on the right-
hand side, yields: 
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By simplifying the left-hand side of (20), we have the 
following equation: 
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where Πss, of dimensions 1× 1, corresponds to the last 
element of vector Πs. The control law is then given by 
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Let sssK ΠΠ= −1 . The computation of K from (12) yields: 
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Define KMl as the component corresponding to the (l+1)th

column of matrix K(T, M). It is equal to 
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for any integer l so that ρ≤≤ l0 . This yields finally the 
following vector control law 
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As in Dabo et al. (2009), let consider the change of 
coordinates: 
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These new coordinates yield the nonlinear system 

2
2
�

2
2
�

�

+−=

=
=

− hLuLhLz

zz
zz

fgf
1)(

32

21

ρρρ
ρ ω


�







  (27) 

Replacing u by (25) in (27) yields the following closed-loop 
linear and controllable system 

�
�
�

=
=

CZO
AZZ


   (28) 

where 

�
�
�
�
�
�
�
�

�

�

�
�
�
�
�
�
�
�

�

	

−−−−

=

− )1(210

1000

0000
0100
0010

ρρρρρ KKKK

A

�

�

�����

�

�

�

 (29) 

The characteristic polynomial PS(U) of (29) is given by 

0)( 10 =++= pKKP λλλ ρρρ �   (30) 

where KSl is given by (24). 
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3. SOME PROPERTIES OF NCGPC 

Our goal in this study is to highlight some properties of 
NCGPC when this latter is applied to nonlinear systems with 
a relative degree equal to one or two. For the sake of 
simplicity, we will consider in this study that: 1) the 
dimension of the nonlinear system is equal to the relative 
degree; 2) the reference signal L is a constant. 

3.1  Case of relative degree M = 1 

Consider a nonlinear SISO system (1) of dimension one 
equal to the relative degree S. The resulting closed-loop 
linear system has the characteristic polynomial 

λλ += 101 )( KP    (31) 

This polynomial is equivalent to the denominator D1(p) of a 
first order transfer function H1(p) given by: 

p
GpH

θ+
=

1
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1    (32) 

where G1 is the static gain and O the time constant. From this 
and by analogy, the pole of the characteristic polynomial 
P1(P) and that of the transfer function H1(p) are equivalent. 
Therefore 

θ
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where K10 is the first element of (23) and is equal to 
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Hence, we have 
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and as S = 1, 
3

2T=θ  and 
Tc 2
3−=−= ωλ . From this, we 

can deduce that the time response Ttr 23 == θ  and the cut-
off frequency Tc 231 == θω are functions of the prediction 
horizon time. 

Theorem 3.1: The application of NCGPC to SISO nonlinear 
system of dimension one equal to its relative degree, leads, in 
the right space of coordinates, to a linear 1st order system 
with transfer function defined by a time constant 32T=θ
and a static gain G1 equal to the reference signal L1.

3.2  Case of relative degree M = 2 

Consider a nonlinear SISO system (1) of dimension two 
equal to the relative degree S. The resulting closed-loop 
linear system has the characteristic polynomial  

2
21202 )( λλλ ++= KKP   (36) 

This polynomial is equivalent to the denominator D2(p) of a 
linear transfer function H2(p) of order two given by: 
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From (37), we can deduce the damping ratio Q and the natural 
pulsation Rn of P2(P). Hence: 
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From equation (24), we have: 
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or, equivalently,  
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Putting the second equation of the above system to the power 
two yields: 
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Therefore, we have: 
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Finally, for 2=ρ , Tn 83.1≈ω  and 685.0≈ξ . It is 
interesting to note that the damping ratio Q is always lower 
than 22 . From (36), we can deduce the complex 
conjugate poles of P2(P): 

),(),(4
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2120

21
2,1 ρρρρλ TKTKjTKT −±−=  (44) 

Replacing K20 and K21 by their numerical values yields: 

( )j
T

T 33.125.11)(2,1 ±−=λ   (45) 
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From (42) and (43) the dynamics properties of 2nd order 
systems usually considered in the time domain such as rise-
time, time-to-peak and settling times can be then easily 
written as functions of T. In the frequency domain it is 
interesting to note that the percent overshoot (P.O.) and the 
maximum magnitude (MpL) are constant since they are 
functions of the damping ratio only: 1≈ωpM  and 

21.5.. ≈OP . 

Theorem 3.2: The application of NCGPC to SISO nonlinear 
system of dimension two equal to its relative degree, leads, in 
the right space of coordinates, to a 2nd order linear transfer 
function with a constant damping ratio 685.0≈ξ  and a 
natural frequency Tn 83.1≈ω . 

4. APPLICATIONS 

In this section we will consider two academic applications. 
All simulations are derived via Matlab Simulink version 
7.0.1. Zooms of some figures are given to show important 
details such as time response (relative degree one) or 
overshoot (relative degree two). For both academic 
applications of dimensions one and two, all step sizes (Max, 
Min and Initial) and the ”Absolute tolerance” are on ”auto”. 
Only the ”Relative tolerance” is kept equal to 10-3 for the first 
system and on ”auto” for the second one. The solvers used 
are Ode45 (Dormand-Prince) and Ode23 (Bogacki-
Shampine), respectively, for the first and second academic 
applications.  

1) Nonlinear system with relative degree one. Consider the 
following nonlinear SISO system of dimension one: 
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a) Analysis and application of NCGPC control law: As our 
goal is to track a desired reference signal R(t), let us define 
the error e(t) between the output y(t)and the desired reference 
signal above R(t): 

)()()( ttyte ω−=    (47) 

This yields a relative degree one that is equal to the 
dimension of (46) and hence we have no zero dynamics. In 
order to apply NCGPC control law, consider a new nonlinear 
system 
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resulting from the following change of coordinates 
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Hence we apply NCGPC control law 
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where K1 = [K10 K11] with K11 = 1. This control law 
guarantees closed-loop stability through system 

)()( 10 tzKtz −=
    (51) 

because the corresponding relative degree is one which is less 
than or equal to four, Chen et al. (2003). 

b) Simulation results: Gain matrix K1 is given in Table 1. as a 
function of the prediction horizon time T. Fig. 1. shows 
simulation results. 

Table1.  Gain matrix K1

T (s) K1
1 [1.5 1] 
2 [0.75 1] 
3 [0.5 1] 
4 [0.375 1] 
5 [0.3 1] 

Fig. 1. Time responses, error and control for different values 
of the prediction horizon time T (1 to 5 seconds). 

2) Nonlinear system with relative degree two. Consider the 
following nonlinear SISO system of dimension two: 
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a) Analysis and application of NCGPC control law: we define 
an error as (47) with the following change of coordinates 
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and hence we have the following nonlinear system 
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Applying control law u to system (54) yields the linear and 
stable closed-loop system 
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where K20 and K21 are first and second components of the 
gain matrix K2 given by K2 = [K20 K21 K22] with  K22 = 1. 

b) Simulation results: Gain matrix K2 is given in Table 2. as a 
function of the prediction horizon time T  

Table 2.  Gain matrix K2

T (s) K2
1 [3.33 2.5 1] 
2 [0.83 1.25 1] 
3 [0.37 0.83 1] 
4 [0.21 0.63 1] 
5 [0.13 0.5 1] 

Fig. 2. presents the behaviour of the stable closed-loop linear 
system for different values of T. Notice that the tracking of 
L(t) is correct and the percent overshoot (P.O.) is the 
expected one, indeed, approximately 5.21. 

Fig. 2. Overshoot, control and error for different values of the 
prediction horizon time T (1 to 5 seconds). 

6. CONCLUSIONS 

In this paper, important properties of NCGPC are highlighted 
when this latter is applied to nonlinear SISO systems with a 
relative degree equal to their dimension and lower than three. 
Future work will investigate the case of nonlinear systems 
with a relative degree equal or greater than three. We propose 
to split the resulting characteristic polynomial of (relative) 
degree greater than two into a product of polynomials of 
degree one or two. 
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Abstract: Two simple decoupling techniques are presented for decentralized PFC (Predictive Functional 
Control) control of TITO (Two-Input, Two-Output) processes. Both techniques are based on situation or 
signal dependent adaptation of the controller parameters. By means of first one the desired settling time is 
tuned in synchronization to a reference signal change. According to the second one the desired settling 
time is set dependent on the actual control error. The second method makes the synchronization to a set 
value change superfluous and its realization is therefore very easy.  

Keywords: Predictive functional control, settling time, controller adaptation  

1. INTRODUCTION 

Decoupling in multivariable processes is an important issue. 
It is desired that one manipulated variable would affect only 
one controlled variable, while the others would keep their 
previous values. MIMO (Multi-Input, Multi-Output) 
controllers can handle this problem using manually designed 
decoupling controllers or MIMO predictive controller which 
performs the decoupling automatically.  

Multivariable processes are often controlled by SISO 
controllers, because these are easier to realize than MIMO 
controllers. The question arises how the decoupling can be 
improved without complicated multivariable controller 
design. Maurath et al. (1986) recommended some partly 
complicated methods for improved decoupling.  In this paper 
two different methods are recommended for decentralized 
multivariable control. The SISO controller is realized by 
PFC (Predictive Functional Control) (Richalet and 
O’Donavan, 2009), as PFC is a very effective SISO 
controller which can also handle constraints.    

The paper is structured as follows. In Section 2 the SISO 
PFC algorithm is shown. In section 3 a TITO process is 
controlled with fixed decentralized controller parameters. In 
Sections 4 and 5 two different methods are shown how the 
controller parameters can be adapted to decrease the 
coupling effect.  

2. PREDICTIVE FUNCTIONAL CONTROL 

The principle of PFC is that the controlled variable y achieves 
the reference trajectory at the target point (or points) using 
one change (or minimal number of changes) in the 
manipulated variable u. The desired change in the controlled 
variable y during the prediction horizon np (from the actual 
time k) is calculated from the desired change of the reference 
trajectory and the predicted change of the model output ym. 
The manipulated variable u can be calculated easily from the 

change of the reference trajectory and the predicted change of 
the model output in the prediction point, see Fig.1.  

A PT1 (proportional, first-order) process without dead time 
(chosen for simplicity) is described in discrete-time as 

)1()1()1()( −++−−= kuaKkyaky p  (1) 

where y is the process output, u is the process input, a is the 
discrete-time process parameter and Kp is the static gain of 
the process. 

 
Fig.1. PFC principle 

The desired changes in the controlled output y during np can 
be defined supposing that y reaches the reference trajectory at 
the target point (np step ahead) as follows: 

)|(ˆ)()()|(ˆ knkekekyknky pp +−=−+                            (2) 

where )()()( kykyke r −=  and yr  is the constant reference 
signal. 

The reference trajectory can be chosen an exponential 
function for simplicity. Then the control error is decreasing 
monotonously:  
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where �r  is the reduction ratio of the control error. 

The reference trajectory provides the settling time t95%=Tc for 
the closed loop control system if ( )cr TtΔ−= 3expλ , where 
�t is the sampling time. 

From (2) and (3), the desired change in y is defined as 
follows: 

)()1()()|(ˆ)|(ˆ kekyknkyknky pn
rpp λ−=−+=+Δ             (4)                         

The changes of y can be predicted also using the process 
model equation: 

)1()1()1()( −++−−= kuaKkyaky mmmmm                            (5) 

where ym is the process model output, am is the discrete 
process model parameter and Km is the static gain of the 
process model.  

Supposing that the actual input signal u is kept constant 
during the prediction horizon, the predicted model output 
becomes after np steps:  

)()1()()|1(ˆ kuaKkyakky mmmmm ++−=+   

)(])(1[)()()|(ˆ

)(])(1[)()(

)()1()1()()(

)()1()|1()|2(ˆ

22

2

kuaKkyaknky

kuaKkya

kuaKakya

kuaKkkyakky

pp n
mmm

n
mpm

mmmm

mmmmm

mmmmm

−−+−=+

−−+−=

++−+−=

+++−=+

�

 

Then, the predicted change in ym becomes: 
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Simple comparison between the predicted change of the 
reference trajectory in (4) and the predicted change of ym in 
(6) results in the manipulated variable: 

)()]([)( 10 kykkyykku mr +−=                                       (7a) 

where: 
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If the process has dead time mdd =  then )(ky  in (7a) has to 
be replaced by )|(ˆ kdky m+  

[ ])()()()|(ˆ mmmm dkykykykdky −−+=+                              (8) 

In case of higher-order aperiodic processes the transfer 
function can be partitioned in parallel connection of first-
order processes  

)1()1()1(ˆ)(ˆ ,,,,, −++−−= kuaKkyaky imimimimim            (9)  

with the corresponding parameters imK , and ima , of the i-th 
sub-process. (If the process has multiple poles then different 
but very similar poles have to be assigned to each multiple 
pole.)  

The basic algorithm can be easily extended for this case, as 
well (Khadir and Ringwood, 2008):   
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where n is the order of the process, 
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3.  DECENTRALIZED CONTROL WITH FIXED 
CONTROLLER PARAMETERS 

In order to illustrate the problem of coupling a TITO process 
model (Fig.2) is considered. The two controlled variables (y1, 
y2) are controlled by the two manipulated variables (u1, u2). 

The sub-models are aperiodic processes with different static 
gains Kpij, time constants Tij, and dead times Tdij. All 
processes have some (nij) equal time constants:    
• P11: Kp11=1.5,   T11=1.0 min,   n11=2,  Td11=0.1 min 

• P12: Kp12=0.5,   T12=0.5 min,   n12=4,  Td12=0.5 min 

• P21: Kp21=0.75, T21=0.5 min,   n21=3,  Td21=0.8 min 

• P22: Kp22=1.0,   T22=2.0 min,    n22=1,  Td22=0.2 min 

The block diagram of the process is shown in Fig.2. 

 
Fig. 2.  TITO process model 

Decentralized TITO control was used with two independent 
SISO controllers with fixed parameters. The sampling time 
was Δt=0.1 min and the controller parameters of the two 
SISO controllers were:   

• prediction horizons: np1=5 and np2=2,  

• desired settling times: Tc1=Tc2=4 min.  
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The control scenario was:  

• at t=1 min stepwise increase of the reference signal of y1 
from 0 to  1,  

• at t=10 min stepwise increase of the reference signal of 
y2 from 0 to 1. 

Fig. 3 shows the decentralized TITO predictive control with 
the above parameters.  

 
a) control of output 1 

 
b) control of output 2 

Fig.3. Decentralized TITO control with constant controller 
parameters  

The control of the reference signal changes is slow and 
aperiodic (settling time t95%�7.2 min). There are changes of 
about 30% (related to the reference signal changes) with 
settling time t95%�7 min in the controlled variables whose 
reference signal was kept constant.  

4.  REFERENCE SIGNAL CHANGE-DEPENDENT 
CONTROLLER PARAMETER ADAPTION 

The main controller parameter with PFC is the desired 
settling time Tc.. The decoupling ability with a TITO process 
can be improved by tuning the settling times (Tc1 and Tc2).  

Decreasing of the desired settling time of the controlled 
variable whose reference signal was kept constant accelerates 
the control and hence reduces the control error in this 
controlled variable. Fig. 4 illustrates this case for reference 
signal changes. The controller parameters (desired settling 
time) of both controlled variables were changed from 
Tc1=Tc2=4 min to Tc1=Tc2=0.2 min for that controlled variable 
whose reference signal was not changed in the moment of the 
change of the other reference signal. The duration of the 
change was 4 min which is equal to the desired longer 
settling time. The control of the reference signal changes is 
faster than before (t95%�5.8 min) and the control error is 
about 16% (related to the reference signal changes) with t95% 

about 1.9 to 2.8 min in the controlled variables whose 
reference signal was kept constant. The plots show that the 
two processes are better decoupled than in Fig. 3 where the 
controller parameters were kept constant.  

The critical point of this method is the detection of the 
reference signal change. Sometimes this time point is known 
by the technology in advance. Otherwise a reference signal 
change can be detected with methods of signal analysis. 
Nevertheless a method which does not have to care about the 
time point of the reference signal change would be 
preferable.   

 
a) control of output 1 

 
b) control of output 2 

Fig.4. Decentralized TITO control with changing of the 
desired settling time at reference signal steps 

5. CONTROL ERROR-DEPENDENT CONTROLLER 
PARAMETER ADAPTION 

The synchronization at the reference signal change can be 
performed automatically if the desired settling times are 
decentralized functions of the control errors. With a stepwise 
change of the reference signal the control error of the related 
controlled variable is increased faster than the control error of 
the other controlled variable whose reference signal was kept 
constant. Consequently, if the settling time is set proportional 
to the control error for both controlled variables then after a 
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stepwise change of a reference signal the settling time of the 
controlled variable whose reference signal was changed will 
be higher than the settling time of the controlled variable 
whose reference signal was not changed. Consequently the 
controlled variable whose reference signal was not changed 
will be controlled faster that acts as a forced decoupling.  

The following linear dependence of the desired settling times 
on the control error were applied in the simulation:  

( ) )(min,max,min, keTTTT icicicici ⋅−+=                                       (11) 

with Tc1,max= Tc2,max=4 min and Tc1,min= Tc2,min=0.2 min.  

Eq. (11) shows that the control is fast if there is no control 
error (in steady-state) or with small control error.  

Fig. 5 shows that the control of the variables whose set value 
was changed is slightly faster than with the first method 
(t95%�4.7 min) and the control error is about 22% (related to 
the reference signal changes) with t95% of about 2.4 to 3.2 min 
in the controlled variables whose reference signal was kept 
constant).  

 
a) control of output 1 

 
b) control of output 2 

Fig.5. Decentralized TITO control with the control error-
dependent desired settling time 

The plot shows that the second method is not as good as the 
first method but the decoupling effect became much better in 
comparison with Fig. 3, where no controller parameter was 

changed. As mentioned already the realization of this control 
error dependent adaptation is easier than detecting changes in 
a set value. It is interesting that if using the control error 
dependent adaptation of the controller parameters not only 
the control of those controlled variables became faster whose 
reference signal remained constant but also of those whose 
set value was changed.  

6. CONCLUSION 

New methods were presented for reducing the decoupling 
effect of decentralized TITO PFC control with proper 
adaptation of the controller parameters. The two methods (1) 
reference signal change-dependent settling time, and (2) 
control error-dependent settling time were presented and 
simulated. Both methods have shown improved decoupling 
effects: less control error and faster control of the controlled 
signal whose reference signal was not changed. With the first 
method the control error was a bit smaller and achieved its 
final value a bit faster than with the second method. With the 
second method the controlled variable whose set value was 
changed achieved its final value faster than with the first 
method or without any adaptation of the controller 
parameters. The only disadvantage was the more turbulent 
manipulated signal which is now subject of further 
investigations. In addition it is very easy to realize the 
second method in practice. The presented idea can also be 
extended for processes with more than 2 controlled signals.  

Similar method has been successfully applied by Schmitz et 
al. (2007) with GPC (Generalized Predictive Control).   

The next step will be the application of the new controller 
tuning method for (not decentralized) TITO PFC control, 
when even better decoupling ability is expected than here.  
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Abstract: The paper presents the design method based on the memory-less feedback control
for stabilization of discrete-time systems with a sensor fault, where the fault is described by
an equality constraint given on the state variable associated with the faulty sensor. The design
conditions are presented in the form of linear matrix inequalities. The validity of the proposed
method is demonstrated by a numerical example with an equality constraint setting on the
faulty state variable sensor.
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1. INTRODUCTION

Modern technological processes rely on sophisticated con-
trol systems to meet increased performance and safety
requirements. A conventional control for a complex system
may result in an unsatisfactory performance, or even in-
stability, in the event of malfunctions in actuators, sensors
or other system components. To overcome such weak-
nesses, new approaches to control system design have to
be developed in order to tolerate component malfunctions
while maintaining stability and acceptable performance
properties. These types of closed-loop control systems are
known as fault-tolerant control systems (FTCS) having the
ability to accommodate component failures automatically.
Bibliographical reviews can be found in Jiang (2005); Pat-
ton (1997); Zhang and Jiang (2003), new developments
in fault-tolerant control methods are presented e.g. in
Beńıtéz-Pérez and Garćıa-Nocetti (2005); Blanke et al.
(2003); Krokavec and Filasová (2007); Noura et al. (2009);
Simani et al. (2003).

In the last years many significant results have spurred
interest in the problem of determining control laws for
the systems with constraints. For the typical case where a
system state reflects a certain physical entities this class
of constraints rises because of physical limits and these
ones usually keep the system state in a region of the
technological conditions. Subsequently this problem can be
formulated using technique dealing with the system state
constraints directly, where it can be coped with efficiently
using linear system techniques (Ko and Bitmead (2007)).
Therefore, a special form of the constrained problems can
be so formulated with the goal to optimize the reconfig-
urable control structure while the system state variables
satisfy the equality constraints Krokavec and Filasová
(2008, 2009). This design task is specified as a singular
� The work presented in this paper was supported by VEGA, Grant
Agency of Ministry of Education and Academy of Science of Slovak
Republic under Grant No. 1/0328/08. This support is very gratefully
acknowledged.

one and associated methods have to be used to design the
controller parameters.

A number of problems that arise in the state feedback
control, possibly formulated using Lyapunov function,
bounded real lemma, etc. can be reduced to a handful of
standard convex and quasi-convex problems that involve
matrix inequalities. It is known that the optimal solution
can be computed by using interior point methods (Nes-
terov and Nemirovsky (1994)) which converge in polyno-
mial time with respect to the problem size, and efficient
interior point algorithms have recently been developed for
and further development of algorithms for these standard
problems is an area of active research. Some progres review
in this research field one can find in Boyd et al. (1994);
Skelton et al. (1998), and the references therein.

This paper is concerned with the problem of reconfigurable
control design while the state variable associated with
the faulty sensor is described by an equality constraint.
Based on the discrete-time state description the attention
is focused on the memory-less feedback control parameter
optimization. It is assumed that the system is free of
the actuator faults, and according to the performance of
active FTCS it is supposed that the state variable sensor
faults detection and isolation schemes are available. Con-
troller switching is taking into account since such different
faulty system representations is known, and stabilizing
controllers are pre-computed off-line.

The developed design method starts with adaptation of
the methodology given in Ko and Bitmead (2007) and
can be noted as an extension method to the pseudo-
inverse methods (PIM) considered e.g. in Staroswiecki
(2005), as well as to the degraded reference models used
in Zhang and Jiang (2003). Using simple regularization
the eigenstructure assignment method is adapted, and, in
addition to a single sensor fault, the optimized control
law parameters design conditions are derived. Finally the
numerical example is shown to demonstrate the role of
such equality constraints in the design procedure.
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2. PROBLEM FORMULATION

The systems under consideration are understood as the
multi-input and multi-output linear (MIMO) dynamic sys-
tems with single sensor faults. Without lose of generality
this class of the discrete-time linear dynamic system can
be represented in the state-space form as

q(i + 1) = Fq(i) + Gu(i) (1)
y(i) = Cq(i) + fh(i) = Chq(i) (2)

where q(i) ∈ IRn, u(i) ∈ IRr, and y(i) ∈ IRm are
vectors of the state, input and objective output variables,
respectively, and matrices F ∈ IRn×n, G ∈ IRn×r, and
C ∈ IRn×n are real matrices. It is supposed that the
system is without actuator faults and a monitored sensor
fault is modelled by an additive vector fh(i) ∈ IRr.

The standard linear memory-less state feedback controllers
of the form

u(i) = −Kq(i) (3)

are used in control reconfiguration structure, and through-
out the paper it is assumed that the couple (F ,G) is
controllable and all state variables are measurable.

3. PRELIMINARIES

Proposition 1. (e.g. see Skelton et al. (1998)) Let Λ is a
matrix variable and A, B are known non-square matrices
of appropriate dimensions such the equality

BΛ = A (4)

can be set. Then all solutions to Λ are
Λ = B�1A + (I−B�1B)Λ◦ (5)

where
B�1 = BT (BBT )−1 (6)

is Moore-Penrose pseudoinverse of B, and Λ◦ is an arbi-
trary matrix of appropriate dimension.

Proof. Supposing that the product BBT is a regular
matrix, then pre-multiplying left-hand side of (4) by the
identity matrix gives

BΛ = BBT(BBT )−1A (7)

and using notation (6) it yields

Λ = BT (BBT )−1A = B�1A (8)

Let Λ◦ is a matrix of appropriate dimension such that
substituting in (7) results in

BΛ◦ = BB�1A = BB�1BΛ◦ (9)

Thus
B(I −B�1B)Λ◦ =̇ 0 (10)

(I −B�1B)Λ◦ =̇ 0 (11)

respectively, where I is the identity matrix of appropriate
dimension. Therefore, for an arbitrary Λ◦ of appropriate
dimension (8), (11) implies (5). ��

Note, matrix pseudoinverse is generalized for a singular
matrix BBT .

Proposition 2. Let E ∈ IRn×n is a real square matrix
with non-repeated eigenvalues, satisfying the equality con-
straint

dTE = 0 (12)

Then one from its eigenvalues is zero, and (normalized) dT

is the left raw eigenvector of E associated with this zero
eigenvalue.

Proof. (e.g. see Krokavec and Filasová (2007)) If E ∈
∈ IRn×n is a real square matrix having non-repeated
eigenvalues the eigenvalue decomposition of E takes the
form

E = NZMT (13)

N = [n1 · · · nn ] , M = [m1 · · · mn ] , MT N = I (14)

Z = diag [z1 · · · zn ] (15)

where nl is right eigenvector, and mT
l is left eigenvector

associated with the eigenvalue zl of E, l = 1, 2, . . . n.
Then (12) can be rewritten as

dT [n1 · · · nh · · ·nn] diag [z1 · · · zh · · · zn]MT = 0 (16)

If dT = mT
h then the orthogonal property (14) implies

[01 · · · 1h · · · 0n ] diag [z1 · · · zh · · · zn ] MT = 0 (17)

and it is evident that (17) be satisfied only if zh = 0.

Note this can be easily proven for a square matrix with
one zero eigenvalue and some repeated eigenvalues. ��

4. CONSTRAINED CONTROL

Using the control law of the form (3) the equilibrium
control equations take the forms

q(i + 1) = (F −GK)q(i) (18)

y(i) = Cq(i) (19)

and prescribed by a matrix D ∈ IRk×n, rank (D) = k < r
there it is considered the design constraint

q(i) ∈ ND = {q : Dq = 0} (20)

where the state vectors have to satisfy equalities

Dq(i + 1) = D(F −GK)q(i) = 0 (21)

for i = 1, 2, . . . . It is supposed the matrix D is chosen by
such way that

D(F −GK) = 0 ⇒ DF = DGK (22)

respectively, as well as that the closed-loop system matrix
Fc = (F − GK) is stable (all its eigenvalues lie in the
unit circle in the complex plane Z). Therefore, ND be
the constrain subspace, and state be constrained in this
subspace (the null space of D). Under these conditions the
system state stays within the subspace, i.e. q(i), Fq(i) ∈
ND , respectively.

Solving (22) with respect to K then (5) implies all solu-
tions of K as follows

K = (DG)�1DF + (I−(DG)�1DG)K◦ (23)
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where K◦ is a design parameter matrix. Thus, it is possible
to express (23) as

K = J + LK◦ (24)

with
J = (DG)�1DF , L = I−(DG)�1DG (25)

where L is the projection matrix (the orthogonal projector
onto the null space NDG of DG).
Fact 1. Seeking a control policy of the form

u(i) = −Kq(i) + Nww(i) (26)

where Nw ∈ IRm×r, w(i) ∈ IRr, then (21) implies
Dq(i + 1) =

= D(F−GK)q(i) + DGNww(i) = DGNww(i)
(27)

and it is evident that the system steady state is not zero,
but proportional to steady state of w.

5. RECONFIGURABLE CONTROL

To design the reconfigurable control law it is supposed that
the system (1), (2) is without actuator faults and a single
fault (the h-th sensor fault) is interpreted by the constraint
(e.g. see Krokavec and Filasová (2008))

q(i) ∈ NdT

h

= {q : dT
h q = 0} (28)

dT
h = [ 0 · · · 0 1h 0 · · · 0 ] (29)

where h ∈ {1, 2, . . . , n}. This interpretation means that
the h-th sensor output is stuck at zero because of the h-th
sensor malfunction.

The above defined constraints set modifies (25) as follows

Jh = (dT
h G)�1dT

h F (30)

Lh = I − (dT
h G)T

(
dT

h G(dT
h G)T

)−1
dT

h G (31)

and
Kh = Jh + LhK◦

h (32)

The proof of the following theorem can be found in
Krokavec and Filasová (2009), and implies from properties
of the Proposition 2.
Theorem 1. Designing with respect to dT

h having struc-
ture (29) the characteristic polynomial of the closed-loop
system be

P (z) = det(zIn−Fch) = z det
(
zIn−1−Wh) (33)

where Fch = F −GKh is the closed-loop system matrix,
and Wh is its h-th principal minor.

6. RECONFIGURABLE CONTROL DESIGN

Theorem 2. For the system (1), (2) the sufficient condition
for a stable reconfigurable control is that there exist a
positive definite symmetric matrix Yh > 0, Y h ∈ IRn×n,
and a matrix Zh ∈ IRr×n such that

Yh = Y T
h > 0 (34)[

−Yh Yh(F−GJh)T−ZT
hL

T
hG

T

∗ −Yh

]
< 0 (35)

where Jh, Lh are defined in (30), (31), respectively.

Thus, K◦
h can be computed as

K◦
h = ZhY −1

h (36)

and the control law gain matrix Kh is given as in (32).

Proof. Defining Lyapunov function as follows

v(q(i)) = qT(i)Phq(i) > 0 (37)

where Ph = P T
h > 0, Ph ∈ IRn×n, then the forward dife-

rence along a solution of (1) is

Δv(q(i)) = qT(i+1)Phq(i+1)− qT(i)Phq(i) < 0 (38)

Δv(q(i)) = qT(i)(F T
chPhF ch − Ph)q(i)<0 (39)

respectively, where

Fch = F −GJh −GLhK◦
h (40)

and (39) implies

P ◦
ch = F T

chPhFch − Ph < 0 (41)

Therefore, using Schur complement property it yields

P ◦
ch =

[
−Ph (F−GJh−GLhK◦

h)T

∗ −P−1
h

]
< 0 (42)

Defining the congruence transform matrix

T c = diag
[
P−1

h In

]
(43)

and multiplying right-hand and left-hand side of (42) by
T c it can be obtained[

−P−1
h P−1

h (F−GJh−GLhK◦
h)T

∗ −P−1
h

]
< 0 (44)

and with notation

P−1
h = Yh > 0, K◦

hP−1
h = Zh (45)

(44) implies (35). ��

7. LIMITS IN GAIN NORM

Theorem 3. For the system (1), (2) a stable reconfigurable
control with norm bounded Kh exists if there exist a
positive definite symmetric matrix Yh > 0, Y h ∈ IRn×n,
a matrix Zh ∈ IRr×n and scalars μh1 > 0, μh2 > 0,
μ1, μ2 ∈ IR such that

Yh = Y T
h > 0, μh1 > 0, μh2 > 0 (46)[

−Yh Yh(F−GJh)T−ZT
hL

T
hG

T

∗ −Yh

]
< 0 (47)[

−μh1In JT
h LhZh

∗ −Y h

]
< 0 (48)[

−Y h ZT
h LT

h∗ −μh2Im

]
< 0 (49)

where Jh, Lh are defined in (30), (31), respectively.

Thus, K◦
h can be computed using (36) and the control law

gain matrix Kh is given as in (32).
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Proof. Considering (45) it is possible to write

‖u(i)‖2 = ‖Khq(i)‖2 = ‖(Jh + LhZhP h)q(t)‖2 (50)

where ‖·‖ denotes any vector norm. Then using Frobenius
norm (50) implies

qT (t)(Jh + LhZhP h)T (Jh + LhZhP h)q(t) = mh (51)

qT (t)(P
1
2
h P

1
2
h ZT

h LT
h Jh + JT

h LhZhP
1
2
h P

1
2
h )q(t)+

+qT (t)(JT
h Jh + P hZT

h LT
h LhZhP h)q(t) = mh

(52)

respectively, where mh = ‖u(i)‖2. Using property

ABT + BAT ≤ AAT + BBT (53)

to the elements of (52) in the first brackets there exists an
upper-bound

P
1
2
h P

1
2
h ZT

h LT
h Jh + JT

h LhZhP
1
2
h P

1
2
h ≤

≤ P h + JT
h LhZhP hZT

h LT
h Jh

(54)

and (52) can be rewritten as

qT (t)JT
h (Im + LhZhP hZT

h LT
h )Jh)q(t)+

+qT (t)P hq(t) + qT (t)ZT
h LT

h LhZh)P hq(t) ≥ mh

(55)

It can be possible to consider

JT
h LhZhP hZT

h LT
h Jh < μh1In (56)

and with Y h = P−1
h (56) implies (46)

With respect to the last element of (55) it can be consid-
ered

P
1
2
h ZT

h LT
h LhZh)P

1
2
h < μh2In (57)

Thus, with Y h = P−1
h it yields

ZT
h LT

h LhZh < μh2Y h (58)

−Y h + μ−1
h2 ZT

h LT
h LhZh < 0 (59)

respectively. Then, using Schur complement property, (59)
implies (49).

Therefore, inserting (56), (57) into (55) yields

qT (t)(JT
h Jh + μh1In + (1 + μh2)P h)q(t) ≥ mh (60)

This concludes the proof. ��

8. ILLUSTRATIVE EXAMPLE

To demonstrate properties of the proposed approach, the
system with two-inputs and two-outputs is used in the
example. The parameters of this system were

F =

[ 0.9993 0.0987 0.0042
−0.0212 0.9612 0.0775
−0.3875 −0.7187 0.5737

]

G =

[0.0051 0.0050
0.1029 0.0987
0.0387 −0.0388

]
, C = I3

respectively. Considering the third sensor fault described
by the equality constrain

dT
3 = [0 0 1]

the feedback gain matrix parameters were obtained as
follows

J3 =
[
−4.9935 −9.2616 7.3930

5.0064 9.2855 −7.4121

]
L3 =

[
0.5013 0.5000
0.5000 0.4987

]
Solving (34), (35) for LMI matrix variables Y 3 and Z3 us-
ing Self–Dual–Minimization (SeDuMi) package for Matlab
(Peaucelle et al. (2002)), the feedback gain matrix design
problem in the reconfigurable control was solved as feasible
with the matrices

Y 3 =

[ 0.7497 −0.2504 −0.0015
−0.2504 0.7351 −0.0172
−0.0015 −0.0172 0.8356

]

Z3 =
[
0.1802 0.8298 0.0382
0.1797 0.8276 0.0381

]
Inserting Y 3 and Z3 into (36) there was computed the
additive feedback gain matrix

K◦
3 =

[
0.6974 1.3681 0.0752
0.6956 1.3646 0.0750

]
K3 =

[
−4.2961 −7.8935 7.4683

5.7021 10.6501 −7.3371

]
The closed-loop system matrix F c3 was a stable matrix
having structure and eigenvalue spectrum as follows

Fc3 =

[ 0.9927 0.0857 0.0028
−0.1419 0.7223 0.0332

0.0000 0.0000 0.0000

]
Ω(Fc3) = [0.9357 0.7793 0.0000 ]

Solving (46)–(48) with respect to LMI variables Y 3, Z3,
μ31, μ32 gives

μ31 = 0.8572, μ32 = 1.0347

Y 3 =

[ 0.8694 −0.2370 −0.0035
−0.2370 0.7695 −0.0236
−0.0035 −0.0236 0.8767

]

Z3 =
[
0.1550 0.3028 0.0073
0.1546 0.3021 0.0073

]
which results in

K◦
3 =

[
0.3120 0.4903 0.0228
0.3112 0.4891 0.0227

]
K3 =

[
−4.6815 −8.7712 7.4158

5.3176 9.7746 −7.3894

]
Thus, the final results were

Fc3 =

[ 0.9966 0.0946 0.0033
−0.0643 0.8990 0.0437

0.0000 0.0000 0.0000

]
ρ(Fc3) = [0.9478± 0.0608 i 0.0000 ]

In order to asses the performance of the proposed de-
sign method here are now presented simulation results
to demonstrate the effect of reconfigurable control law
to the control system responses with respect to the
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Fig. 1. State variable response of the closed-loop system
(Controller design based on Lyapunov inequality)

third faulty sensor, starting from this faulty initial con-
dition. Simulated states and objective outputs shown
in Fig. 1, Fig. 2 demonstrates the effect using a con-
troller designed by Lyapunov inequality (35), and in
Fig. 3, Fig. 4 using a controller designed by (47)–
(48). All simulations reflects the control policy (26)
with Nw computed in such way that the static de-
coupling was obtained (Wang (2003)), and with wT =
= [−0.05 −0.05 ]T . As seen in the figures the short as
well as the long run behavior of the control system is quite
acceptable.

9. CONCLUDING REMARKS

In this paper the constructive design method based on the
classical memory-less feedback control for the stabilization
of discrete-time systems with one faulty sensor is pre-
sented. The required state feedback gain can be obtained
by solving a linear matrix inequality (LMI) feasibility
problem. This ensures that the closed-loop system control
law gain matrix is optimized while the optimal solution is
founded since LMI still form the basis of these algorithms.

Computational methods for determining feedback gains
based on the equality constrains as mentioned above are
discussed in Ko and Bitmead (2007). Adaptations to
reconfigurable control design in Krokavec and Filasová
(2008, 2009) are derived using linear quadratic control
(LQR) principle, which appears to be applicable if the
criterion cost matrices are changed in dependency on con-
sidered single sensor fault. In contrast, the above presented
design principle is based on asymptotical stability of the
closed-loop systems. Using Lyapunov inequality based de-
sign principle no free matrix design parameter can be used
to tune the system dynamic properties. To overlap this
design principle with limits in the gain norm is introduced
to obtain a positive impact in reducing the control action
activity.

Of course, there may exist some sensors in any system,
which staying faulty the system cannot be stabilized using
presented methods owing to numerical instability problem.

The validity of the proposed methods is demonstrated by
a numerical example with an equality constraint tying a
faulty sensor. In the example it was shown that a sensor
fault model (in an output error sense) can be used if a
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Fig. 2. Objective output response of the closed-loop system
(Controller design based on Lyapunov inequality)

equality constraint is set on a faulty sensor output. This
suggest that a more theoretical and complete investiga-
tion of this principle may be worthwhile. We intend to
continue studying the applications of similar techniques
to understanding issues in reconfigurable control system
design. In particular, we hope that analogous techniques
to those developed in this paper will be useful for studying
other classes of faults.

REFERENCES
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Abstract: In this paper, we propose a set-point reconfiguration approach based on reference-offset
governor device and reconfigurable Linear Quadratic Regulator (LQR). Limited by constraints, the
nominal performances of any system may be degraded according to fault occurrence. The idea is to
modify the nominal set-point where the constraints are threatened to be violated especially after a severe
actuator fault appearance. The effectiveness of the proposed method is illustrated by an aircraft numerical
example affected by actuator faults and subject to constraints on the actuator dynamic ranges.

Keywords: Fault tolerant control systems, set-point reconfiguration, reference governor, LQ Controller,
actuator fault.

1. INTRODUCTION

In industrial processes, systems to be controlled are becoming
more and more complex. One of these complexities is due to
the necessity of satisfying input/state constraints which is dic-
tated by physical limitations of the actuators. Meanwhile, some
plant variables must be kept within safe limits. In recent years,
several feedback control techniques of dynamic systems have
been developed which are able to handle input and/or state-
related constraints (See Angeli et al. [2001]; Bemporad et al.
[1997]; Casavola et al. [2000]; Gilbert et al. [1995]; Gilbert and
Tan [1991]). In general, these methods are based on predictive
approaches which are used to synthesize Command or Refer-
ence Governor. In Kolmanovsky and Sun [2006] a Parameter
Governor unit is proposed which enforces pointwise-in-time
constraints on the evolutions of relevant system variables. Later,
both Reference Governor and Parameter Governor actions are
integrated in a single unit as Reference-Offset Governor (ROG)
in Casavola et al. [2007], which adds many advantages espe-
cially in enlarging the set of feasible evolutions of the system.
The function of ROG device is to modify, whenever necessary,
the reference and add an offset to the nominal control action in
order to enforce pointwise-in-time constraints and to improve
the overall system transient performance (See Casavola et al.
[2006, 2007]).

Regarding Fault-Tolerant Control (FTC) design, the post-fault
system should recover the original performance but sometimes
(See Jiang and Zhang [2006]; Zhang and Jiang [2003]), it is
considered that the system can operate under degraded perfor-
mance. Besides that, the degree of the system redundancy and
the available actuator capabilities can be significantly reduced
according to the magnitude of the fault. Moreover, the FTC may
cause damage to the system, and even result in loss of system
stability (See Jiang and Zhang [2002]).

In this paper, a new reconfiguration approach based on set-point
modification using Reference-Offset Governor device is pro-
posed to act in severe actuator faults. In fact, when the magni-
tude of fault is important, the probability of actuator saturation
and performance degradation is high. This situation requires to
switch to degraded mode with degraded performance. In our
case, the performance degradation is achieved by changing the
nominal set-points according to the importance of the actuator
fault magnitude.

The main contribution of this paper is to add a Reference-
Offset Governor unit to a classic reconfigurable system in order
to improve the system transient performance and to reduce
the system performance degradation after severe actuator fault
occurrence. The formulation of the problem is presented in
section 2. Section 3 is reserved to the design of the FTC
system with the ROG unit and the LQ controller. Section 4 is
dedicated to illustrate the idea with an example of flight control
followed by simulation results. Finally, the paper is ended by a
conclusion.

2. PROBLEM FORMULATION

Let us consider the following Linear Time-Invariant (LTI) sys-
tem in discrete time{

x(t +1) = Ax(t)+Bu(t)+Gdd(t)
y(t) =Cx(t)

(1)

Where x(k) ∈ Rn is the state vector, u(k) ∈ Rm is the input
vector, y(k) ∈ R p is the output vector, d(t) ∈ Rnd is an ex-
ogenous bounded disturbance and (A,B,C,Gd) represents the
system dynamics.

Let rank (C)=p and rank (B)=m≥ p. Assume that the full-state
x is available. By solving the Linear Quadratic Regulation prob-
lem (See Staroswiecki [2003]; Harkegard and Glad [2005]), the
optimal control law is given by :
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u(t) =−Kx(t)+Krr(t) (2)

with

K = R−1BT P (3)

Kr = R−
1
2 (C(BK−A)−1BR−

1
2 )+ (4)

where Q is a positive semi-definite matrix and R is a positive
definite matrix. Q and R are preselected by the designer to
achieve the nominal performance. P is a unique positive semi-
definite and symmetric solution of the Algebraic Riccati Equa-
tion (ARE)

AT P+PA+Q−PBR−1BT P = 0 (5)

Let us consider the global system including the ROG unit and
the feedback controller, as depicted in Fig. 1.

ROG Kr Plant 

K

r c 
x

y ug
θ

+
+
- 

Fig. 1. Global system diagram including Controller and ROG
blocs

According to Fig. 1, the control input can be written as :

u(t) =−Kx(t)+Krg(t)+θ(t)
=−Kx(t)+Kzz(t) (6)

where Kz = [Kr Im] and z(t) = [g(t) θ(t)]T .
One replaces (6) in (1), one gets

x(t +1) = (A−BK)x(t)+BKzz(t)+Gdd(t)

= Φx(t)+Gz(t)+Gdd(t) (7)

Where Φ = (A−BK) and G = BKz.
Besides, if one considers only the control input constraints, and
one puts Hc =−K and L = Kz

c(t) = Hcx(t)+Lz(t)+Ldd(t) (8)

So, the LTI system in (1) becomes⎧⎨⎩
x(t +1) = Φx(t)+Gz(t)+Gdd(t)

y(t) = Hyx(t)
c(t) = Hcx(t)+Lz(t)+Ldd(t)

(9)

with x(t) ∈ Rn the state vector which includes the controller
states; g(t) ∈ R p the manipulable reference which would es-
sentially coincide with the reference r(t) ∈ R p; θ(t) ∈ Rm

an adjustable offset on the nominal control law which is as-
sumed to be selected from a given convex and compact set Θ,
with 0m ∈ intΘ; d(t) ∈Rnd an exogenous bounded disturbance
satisfying d(t) ∈ D ;∀t ∈ Z+ with D a specified convex and
compact set such that 0nd ∈ D ; y(t) ∈ R p the output, viz. a
performance related signal; c(t) ∈ Rnc the constraints vector,
c(t) ∈ C ; ∀t ∈Z+; with C ⊂Rnc a prescribed constrained set.
It is assumed that:

A.1) Φ is a stable matrix;

A.2) System (9) is offset-free w.r.t. g(t) i.e.

Hy(In−Φ)−1Gg = Ip

where z(t) = [g(t) θ(t)]T ∈R p+m, is the ROG output and the
following matrices are defined G = [Gg Gθ ], L = [Lg Lθ ].

The ROG design problem consists of generating, at each time t;
the command input z(t) as an algebraic function of the current
state x(t) and reference r(t)

z(t) := z̄(x(t),r(t)) (10)

The ROG output is based on the minimization of a cost function
subject to prescribed constraints. The cost function has the
following form

J(x(t),z(t),r) = ‖g(t)− r‖2
Ψg

+‖θ(t)‖2
Ψθ

(11)

where Ψg =ΨT
g > 0m, Ψθ =ΨT

θ > 0m and ‖v‖2
Ψ := vT Ψv. Thus,

at each time t ∈ Z+, the ROG output is chosen according to
the solution of the following constrained optimization problem
Casavola et al. [2007]

z(t) := arg min
z∈V (x(t))

J(x(t),z(t),r) (12)

3. FTC SYSTEM DESIGN

Let us consider the following proposed scheme in FTC solution
(See Fig. 2).

ROG Plant r 
x

y ug
θ

+
+
- 

FDD stage

( , , )f fx GΦ
Reconfiguration  

module Γ

Kf 

Kf
r 

fault

Fig. 2. Proposed scheme of FTC system design

3.1 Controller Reconfiguration

Assume that, after fault occurrence, the new dynamic system
behavior of the LTI model is :{

x(t +1) = A f x(t)+B f u(t)
y(t) =Cx(t)

(13)

where the matrices A f and B f are detectable and the system
post-fault is controllable. Assuming that (A f ,B f ) is still stabi-
lizable and from the Bellman’s optimality principle, the opti-
mal reconfigurable strategy (Staroswiecki [2003]) consists of
applying a new optimal control to system (13)

u f (t) =−Kf x(t)+K f
r r(t) (14)

with

Kf = R−1BT
f Pf (15)

K f
r = R−

1
2 (C(B f Kf −A f )

−1B f R−
1
2 )+ (16)

where Pf is a unique positive semi-definite and symmetric
solution of the Algebraic Riccati Equation (ARE)

AT
f Pf +Pf A f +Q−Pf B f R−1BT

f Pf = 0 (17)
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3.2 ROG design in faulty case

We propose here an extension of the ROG principle (See
Casavola et al. [2007]) in the faulty case. First of all, it is
assumed that the matrices A f and B f are detectable and the
system after fault is controllable. Besides, the controller is
reconfigurable and the new feedback and feed-forward gains

are denoted Kf and K f
r . Also, it is considered hereafter the

actuator faults only which implies that

A f = A (18)

B f = B(Im−Γ) (19)

where Γ is the fault distribution matrix;

Γ = diag(γi) (20)

with γi ∈ [0;1] for i ∈ {1, ...,m} and m denotes the number of
actuators.

In closed-loop scheme, the system state representation is given
by :

x(t +1) = (A−B f Kf )x(t)+B f K f
z z(t)+Gdd(t)

=(A−BKf +BΓKf )x(t)+(BK f
z −BΓK f

z )z(t)+Gdd(t)

=(Φ+BΓKf )x(t)+(G−BΓK f
z )z(t)+Gdd(t)

=Φ f x(t)+G f z(t)+Gdd(t) (21)

where Φ f and G f represented the global system dynamics after
fault occurrence :

Φ f = Φ+BΓKf (22)

G f = G−BΓK f
z (23)

Thus, the state description of the plant becomes :⎧⎨⎩
x(t +1) = Φ f x(t)+G f z(t)+Gdd(t)

y(t) = Hyx(t)

c(t) = H f
c x(t)+L f z(t)+Ldd(t)

(24)

Considering the ROG unit in the faulty case as shown in Fig. 2,
and we assume that :

B.1) Φ f is a stable matrix;
B.2) system (24) is offset-free w.r.t. g(t) i.e.

Hy(In−Φ f )
−1G f

g = Ip

The solution of the cost function (11) is :

z(t) := arg min
z∈V f (x(t))

J(x(t),z(t),r) (25)

with V f (x(t)) is the set of the disturbance-free virtual evolution
of the constraints vector c̄ f (k,x(t),z) after fault occurrence

V f (x(t)) = {z ∈W f
δ : c̄ f (k,x(t),z) ∈ C f

k ,∀k ∈Z+} (26)

where c̄ f (k,x(t),z) is given by :

c̄ f (k,x(t),z) = H f
c

(
Φk

f x(t)+
k−1

∑
i=0

Φk−i−1
f G f z

)
+L f z (27)

and the two sets; W f
δ and C δ

f ; are given by :

W f
δ := {z ∈R p+m : c̄z ∈ C δ

f } (28)

C δ
f := C f

∞ ∼Bδ (29)

Note that C f
∞ is constructed from recursive sets C f

k

C f
∞ :=

k f
0⋂

k=0

C f
k (30)

where the sets C f
k are defined from k ∈ {0,1, . . . ,k f

0} as

C f
0 := C f ∼ LdD

...

C f
k := C f

k−1 ∼ H f
c Φk−1

f GdD

(31)

with C f is the prescribed constrained set after fault occurrence.
The following properties hold true for the above described ROG
in faulty case.

Theorem 1. Let assumptions (B.1) be fulfilled. Consider system
((24)) along with the ROG selection rule (25), and let V f (x(0))
be non-empty. Then:
1. The minimizer in (25) uniquely exists at each t ∈ Z+ and
can be obtained by solving a convex constrained optimization
problem, viz. V f (x(0)) = V (x(t f )) non-empty implies V f (x(t))
non-empty along the trajectories generated by the ROG com-
mand (24). Such the time of fault occurrence t f is detrmined by
the FDD stage.
2. The set V f (x(t)),∀x(t) ∈ Rn, is finitely determined, viz.

there exists an integer k f
0 such that if c̄ f (k,x(t),z) ∈ C f

k ,k ∈
{0,1, . . . ,k f

0}, then c̄ f (k,x(t),z) ∈ C f
k ∀k ∈ Z+. Such a con-

straint horizon k f
0 can be determined off-line.

3. The constraints are fulfilled for all t ∈Z+.
4. The overall system is asymptotically stable; in particular,
whenever r(t) ≡ r, lim

t→∞
θ(t) = 0m, and g(t) converges either to

r or to its best steady-state admissible approximation r̂, with

ẑ(t) := [r̂ 0m]
T := arg min

z∈V (x(t))
J(x(t),z(t),r) (32)

Consequently, by the offset-free condition (B.2), lim
t→∞

ȳ(t) = r̂,

where ȳ is the disturbance-free component of y.

Proof. The proof is similar to that presented in Casavola et al.
[2007].

4. NUMERICAL EXAMPLE

The example of study concerns a flight control example
for delta-canard configuration describing small single engine
fighter, presented in (Harkegard and Glad [2005]). In this ex-
ample, the controlled variables are the angle of attack, α , the
sideslip angle, β and the roll rate, p. The system state includes;
besides the manipulated variables; the pitch rate, q, and the yaw
rate, r. The control surface vector contains the position of the
canard wings, δc, the right and left elevons, δre and δle, and the
rudder, δr.
For this considered flight case, we consider a low speed, Mach
0.22, and altitude 3000m. Besides, we suppose that the actuator
dynamics are neglected and the actuator position constraints are
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δmin = (−55◦ −30◦ −30◦ −30◦)T

δmax = (25◦ 30◦ 30◦ 30◦)T

Consider the following vectors for output, state and control
variables

y = (α β p)T

x = (α β p q r)T

δ = (δc δre δle δr)
T

The nominal set-points of regulated outputs are; 30◦ for the
angle of attack, α , and 10◦ for the sideslip angle, β , and 70◦/s
for the roll rate, p.

For sampling time of 0.5s, the linearized discrete-time model is{
x(t +1) = Ax(t)+Bδ (t)

y(t) =Cx(t)
(33)

where the numerical values of the system matrices are

A =

⎛⎜⎜⎜⎝
1.0214 0.0054 0.00030.4176−0.0013

0 0.6307 0.0821 0 −0.3792
0 −3.4485 0.3979 0 1.1569

1.1199 0.0024 0.00011.0374−0.0003
0 0.3802−0.0156 0 0.8062

⎞⎟⎟⎟⎠

B =

⎛⎜⎜⎜⎝
0.1823 −0.1798 −0.1795 0.0008

0 −0.0639 0.0639 0.1397
0 −1.5840 1.5840 0.2936

0.8075 −0.6456 −0.6456 0.0013
0 −0.1005 0.1005 −0.4114

⎞⎟⎟⎟⎠

C =

(
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0

)

For the LQ controller, we fix Q and R to

Q = diag(1,2,1,1,3)
R = diag(5,20,12,2)

we obtain the following nominal controller feedback and feed-
forward gains:

K =

⎛⎜⎝ 1.0610 0.0059 0.0003 0.6264−0.0012
−0.9294 0.2306−0.2042−0.5348−0.1089
−0.9275 −0.2409 0.2037−0.5338 0.1110

0.0040 0.4245 0.1228 0.0021−1.1279

⎞⎟⎠

Kr =

⎛⎜⎝ 0.8393 −0.0049 0.0001
−0.7818 −0.7399 −0.3450
−0.7793 0.7481 0.3448

0.0054 1.9978 −0.2161

⎞⎟⎠
For the global system representation as in equation (9), the
numerical values are

Φ =

⎛⎜⎜⎜⎝
0.4944 0.0022−0.0000 0.1115 0.0001
−0.0007 0.6015 0.0388−0.0004−0.2357
−0.0041−2.8261−0.2844−0.0022 1.1397
−0.9357−0.0096−0.0007−0.1583 0.0035

0.0014 0.6022−0.0060 0.0008 0.3201

⎞⎟⎟⎟⎠

and G = [Gg Gθ ] with

Gg =

⎛⎜⎜⎜⎝
0.4335 −0.0006 −0.0000
0.0009 0.3742 0.0139
0.0055 2.9437 1.0293
1.6856 −0.0066 −0.0001
−0.0020 −0.6723 0.1582

⎞⎟⎟⎟⎠

Gθ =

⎛⎜⎜⎜⎝
0.1823 −0.1798 −0.1795 0.0008

0 −0.0639 0.0639 0.1397
0 −1.5840 1.5840 0.2936

0.8075 −0.6456 −0.6456 0.0013
0 −0.1005 0.1005 −0.4114

⎞⎟⎟⎟⎠
The following sub-figures in figure Fig. 3 show the set-points
tracking (See Fig. 3 (a)-(b)-(c)) and the corresponding controls
signals (See Fig. 3 (d)-(e)-(f)-(g)) in fault-free case. In Fig.
3 (f), the control input is near the upper limit but does not
reached it. As shown on sub-figures (d)-(e)-(g), the control
signals are far from upper and lower control limits which means
that all contraints are respected for all actuators. Thus, the
reference offset-governor unit does no action which implies
that the continuous line and dotted line in Fig. 3 (a)-(b)-(c)
are superimposed and there is no modification of nominal
references.
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Fig. 3. Fault-free system (a)-(b)-(c) System responses: dotted
line - without ROG bloc, continuous line - with ROG bloc,
and References : continuous line - nominal, dashed line -
modified, (d)-(e)-(f)-(g) Control signals : continuous line
- with ROG bloc, dotted line - without ROG bloc, dashed
line - upper and lower control limits.

5. SIMULATION RESULTS AND INTERPRETATIONS

To illustrate our approach, a lost of 100% of actuator effective-
ness is considered. The occurrence of the fault is at time 10s

Proceedings of the 8th ACD 2010 European Workshop on Advanced Control and Diagnosis 
Department of Engineering, University of Ferrara, Ferrara, Italy 
18-19 November, 2010

Regular Paper 
 

193



and concerns either the actuator 2 or the actuator 3. Note that in
both cases, only one actuator is broken.

• case 1 : 100% lost of actuator 2 effectiveness

In this case, the new feedback and feed-forward gains of the
controller after reconfiguration are

Kf =

⎛⎜⎝ 1.7344 −0.3156 0.0339 1.1212 0.1815
0 0 0 0 0

−0.5373 −0.1796 0.0920 −0.3455 0.0648
−0.2883 1.4736 0.1858 −0.1734 −2.0529

⎞⎟⎠

K f
r =

⎛⎜⎝ 0.9554 1.4063 0.2814
0 0 0

−0.7327 1.7443 0.3325
−0.3864 3.1164 −0.3635

⎞⎟⎠
The results of simulation are shown in Fig. 4.
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Fig. 4. Faulty-system in case 1: (a)-(b)-(c) System responses:
dotted line- without ROG bloc, continuous line- with ROG
bloc, and References : continuous line- nominal, dashed
line- modified, (d)-(e)-(f)-(g) Control signals : continuous
line- with ROG bloc, dotted line- without ROG bloc,
dashed line- upper and lower control limits.

In this figure (See Fig. 4), the continuous and dotted lines in
(a)-(b)-(c) are not superimposed after time 10s; time of fault
occurrence. This observation means that one or more actuators
are saturated. This point is confirmed by graphes at Fig. 4 (f).
The left elevon control, δre, reaches the upper limit few seconds
after the fault occurrence which induces the saturation of the
actuator 3 and the performance degradations in three outputs.
However, the solution with ROG unit improves enormously the
different outputs by small set-point changing in the sideslip
angle, beta (See continuous line in Fig. 4 (b)). Note that the
system track perfectly the new generated references.

• case 2 : 100% lost of actuator 3 effectiveness

In this case of study, the reconfiguration module generate the
new following controller feedback and feed-forward gains :

Kf =

⎛⎜⎝ 1.8540 0.2370 −0.0227 1.1950 −0.1272
−0.3631 0.1360 −0.0594 −0.2325 −0.0552

0 0 0 0 0
0.2216 1.5692 0.1857 0.1336 −2.1151

⎞⎟⎠

K f
r =

⎛⎜⎝ 1.1167 −1.5459 −0.2592
−0.4946 −1.7990 −0.3000

0 0 0
0.2971 3.2205 −0.3767

⎞⎟⎠
The results of simulation are shown in Fig. 5.
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Fig. 5. Faulty-system in case 2: (a)-(b)-(c) System responses:
dotted line- without ROG bloc, continuous line- with ROG
bloc, and References : continuous line- nominal, dashed
line- modified, (d)-(e)-(f)-(g) Control signals : continuous
line- with ROG bloc, dotted line- without ROG bloc,
dashed line- upper and lower control limits.

In this case of fault (See Fig. 5), the degradation of the sys-
tem performance in the standard scheme; with reconfigurable
bloc only; is quite obvious (See dotted line in Fig. 5 (a)-(b)-
(c)). Nevertheless, our proposed FTC scheme with ROG bloc
reduces the performance degradation of the post-fault system
and ensures the system stability (See continuous lines in Fig. 5
(a)-(b)-(c)). Besides, the modified references (See dashed lines
in Fig. 5 (b)-(c)) make the constraints on control not violated
(See dotted line in Fig. 5 (d)-(e)-(f)-(g)). Only the canard wings
control, δc reach th lower limit which explains the important
degradation in sideslip angle, beta (See dashed and continuous
lines in Fig. 5 (b)). Finally, we can see the total lost of effec-
tiveness of actuator 3 after the occurrence of fault at time 10s
(See continuous line in Fig. 5 (f)).
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6. CONCLUSION

This paper presented a new approach for fault accommodation
by modifying the nominal set-points in order to reduce the sys-
tem performance degradation and ensure the system stability,
in the case of severe actuator fault occurrence. This approach is
based on reconfigurable controller and Reference-Offset Gov-
ernor unit which basic function is to avoid the constraints vio-
lation. The simulation results of a numerical example proof that
this technics might improve the system performance and ensure
a safe plant functioning.
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Abstract: An automaton fixes the connections among functional states in a process. If the functional 
states are obtained by clustering, non all classes or functional states are defined by the human operator, 
consequently, a method to suggest the connections among classes is necessary. The proposed method 
allows estimating automatically the automaton from the membership degrees obtained by a fuzzy 
clustering method. The method was used to find a Fuzzy Automaton of a steam generator process. In 
order to verify the independence of the clustering method, three different clustering techniques were 
used. The connection method proposed gives the same results for these cases. 
Keywords: System Monitoring, Fuzzy Clustering, Fuzzy Automata, Complex Systems, Functional States. 

�

1. INTRODUCTION 

In the industrial environment, the human operator has the 
knowledge of the process. This expert can perform 
multivariable analysis to identify states and to track the 
ongoing process of the system, which he anticipates a failure 
state (Isermann, 2006). The supervision systems and fault 
diagnosis, based on detection of the functional states allow 
estimating the current behavior of a process. It constitutes an 
aid to the human operator (Lamrini, et al., 2005). In a 
complex process, the operator knows the system and some 
functional states, but he may not know all connections among 
functional states (Aguilar, 2007). Moreover, when applying 
clustering techniques new classes may be created which are 
ignored by the expert and are useful for diagnosis.  

To assist to the operator in the task of supervision, fuzzy 
clustering methods have allowed finding classes by means of 
the historical data. In order to establish an automaton, these 
classes are associated to functional states and are 
interconnected. For these connections, Waissman, et al. 
(2005) proposed the deterministic fuzzy automata. This 
approach uses the classification information according to the 
number of samples belonging to a class, and the result is 
validated by the human operator. The graph of connections is 
constructed based on the sequences of changes among 
functional states by means of the classification with new data. 
Kempowsky, et al. (2006) defined transitions and frequencies 
matrices according to the changes among classes obtained by 
the classification of historical data. In these methods there is 
a fully dependence of the connections on the historical data. 
Kempowsky’s approach only allows finding connections 
among classes with transitions in the historical data. 
Subsequently, there may appear connections that the expert 
considers necessary, but that the complex system does not 
detect due to the lack of examples of transition among 
functional states in the historical.  

The Fuzzy Automata have been used to establish connections 
defined by a weight of the transitions by means of a set of 
initial, internal and final states (Klir and Yuan, 1995). Two 
types of automata exist, deterministic fuzzy automata which 
allow obtaining a connection from an initial state to a final 
state only, and non- deterministic fuzzy automata that allow 
establishing connections from an initial state to all final states 
(Omlin, et al., 1998). The former was used to construct 
connections among states known by the expert (Waissman, et 
al., 2000). This approach used the historical data 
classification in to the functional states established by the 
expert. Consequently, this automaton does not help to create 
connections not considered in the historical data.  

In this paper is proposed a method to construct a transition 
matrix that includes connections among functional states, and 
that does not exclusively depend on the transitions in the 
historical data. The method only depends on the membership 
degrees matrix; consequently, the method can be applicable 
to any fuzzy clustering technique. In our method, the 
transition matrix is constructed and updated by means of the 
Hebbian learning. The method is applied to find the 
automaton of a subsystem of boiler of a steam generator.  
This system was designed as a version to pilot scale of a real 
steam generator for a nuclear central (characteristics of the 
process are described in section 4). The same case was used 
to validate Kempowsky’s approach (Kempowsky, 2004). 

In section 2, general theory of the Fuzzy States Machines and 
the Hebbian Learning used in non-supervised learning in 
neural networks are presented. In section 3, the proposed 
method for obtaining and updating membership degrees 
transition matrix is presented. The implementation of the 
proposed method to a steam generator system, and a 
comparison of the results obtained with three Fuzzy 
Clustering methods are presented in section 4. Finally, in 
section 5 the conclusions and perspectives are presented.  
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2. FUZZY STATES MACHINE AND HEBBIAN 
LEARNING 

The Fuzzy States Machine (FμMS) consists on a set of states 
and their respective transitions associated to membership 
degrees. The concept of FμMS was proposed for the first 
time by Wee and Fu (1969), as a fuzzy automaton that 
represents the graph of connections in a transitions matrix. 
For definition, a fuzzy automaton with finite states is the six-
tuple M = {Σ, Q, R, Z, δ, ω}, where Σ is the set of alphabet, Q 
is the set of states, R is the initial state fuzzy automaton (R ϵ 
Q), Z is the finite output alphabet, δ: Σ x Q x [0,1] → Q is the 
fuzzy transitions map and ω: Q → Z is the output transitions 
map. If ω is ignored and a five-tuple L(M) = {Σ, Q, R, Z, δ } 
is considered, where L is the language that the automaton 
interprets, each transition between two states is going to be 
defined by a weight θa,b,p → [0,1], where a and b are the 
indices of the states and p is the index of alphabet that 
correspond to the transition (Omlin, et al., 1999). Therefore, 
each transition of states, qa → qb, with a input of symbol rp 
and weight θa,b,p is going to be defined as rp/θa,b,p.  

The methodology for automatic connections among 
functional states will use the subsets Σ, Q y δ because the 
graph of connections is static and constant in time if the 
classification is carried out with the historical data. The 
transition matrix, Δ, is going to represent all connections 
among states, as shown in (1): 
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In section 3 a new representation of the matrix Δ will be 
shown. The difference in the new representation does not 
consider the input symbols p. The Hebbian learning is a 
technique that has allowed carrying out the updating of 
weight of an Artificial Neural Network. By definition, it is an 
updating function of a weight wn,m (Bishop, 2006), expressed 
in (2). 

              � 
 � 
 � 
mnmnmn yxww ��
� ��� ,, 1                 (2)      
Where n is the number of the current iteration, xn is the n-th 
input to the network, ym is the m-th network output and ε is 
the learning parameter.  

This proposal uses the theory of the FμMS to establish the 
initial frequencies of connections with all classes obtained by 
a fuzzy clustering method. In the case of automatic 
connections, if the connection has a likely transition among 
states, the Hebbian learning can use it to update the 
connections and thus remove those that are weaker. In 
addition, as the update of the matrix is non-supervised, self-
organizing maps algorithm is used to propose an automaton. 
The expert analyses the new connections that are suggested 
and to decide the relationship they have with the behavior of 
the process (the algorithm is explained in section 3.2). In the 
next section, the implementation of fuzzy states machines and 
Hebbian learning are explained to construct and update 
transition matrix. 

3. FROM FUZZY PARTION TO AUTOMATON 

The method calculates a membership degrees transition 
matrix based on the membership degrees.  The membership 
degrees are the result of the clustering of historical process 
data. When using the theory of Fuzzy States Machine, the 
method establishes all connections among functional states to 
update the matrix by using the Hebbian learning and 
self−organizing maps algorithm. Finally, the graph of 
connections among functional states is constructed by means 
of transition matrix; it represents the behaviour of the 
process. Fig. 1 presents the diagram of the method at each 
step which will be explained in detail in sections 3.1, 3.2 and 
3.3. 

 

Fig 1. Scheme of the connection method. 

3.1 Obtaining of the Membership Degrees Transition Matrix  

Let U be a membership degrees matrix, 
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for i samples and j classes. The μi,j is the membership degree 
of the sample i to the class j. Using (3), the maximum 
membership degree is determined for each sample i 
associated to a class c, μmaxi,c, where c →[1, …, j], as in (4). 

               � 
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 ,,��           (4) 

μpc is defined as the average of the maximum membership 
degrees of the samples i that belongs to a class c, as in (5). 
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Where Nc is the number of samples with μmaxi,c that belongs 
to a class c. Using (5), a matrix UP is created. This matrix 
associates each membership degree μpc with its 
correspondent class Cc, expressed in (6). 
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Using (6), the new transition matrix is constructed by 
applying the theory of Fuzzy States Machines (see section 2). 
In this case, a Non-Deterministic Fuzzy States Machine is 
proposed.  There are connections from an initial fuzzy state 
activity Sa to multiple fuzzy states Sb, been b ≠ a (Reyneri, 
1997). The interest of the method is focused on knowing the 
membership degrees of transition μ(ta,b) ranging from the 
states a → b and b → a. The transitions matrix obtained 
assigns a frequency to each one of the possible connections 
among functional states. Beginning with all likely 
connections, the expert can avoid ignoring useful transitions 
which are not considered in the historical data. For a sample 
assigned to the state Sb with a membership degree μ’(Sb),  it is 
possible defined μ’(Sb) as the contribution of μ(ta,b).  μ(ta,b) 
defines the connection degree of the states a → b. The 
relation between the final state Sb and the state Sa (with a 
membership degree μ(Sa)), is defined in (7) (Alvim and Cruz, 
2008). 

                           � 
 � 
abab StS ��� ,)(' 
                     (7) 

Where for � a, 1 � a � j and � b, 1 � b � j. The average of 
membership degrees of fuzzy state activities is known, which 
is associated with μ(Sa) and μ’(Sb); μ(ta,b) is estimated by 
using (7). When μ(ta,b) > 1, it is suggested to carry out a 
normalization, μ�(ta,b), as is proposed in (8). 
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It is important consider that sub-index a as the initial state 
and the sub-index b as a final state. Transitions within the 
same active and final fuzzy state (that is a = b) have a 
membership degree of 1, but for reason of the construction of 
the graph of connections they are not taken into account. 
Hence, in the method connections of one state to another are 
estimated but not the possibility remaining in one same state. 
The sum of μ(ta,b) over all b, as in (8), satisfy the equation (9) 
(Demasi, 2003). 
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Thus, the ratio between the sum of the membership degrees 
of the final states μ’(Sb), if b ≠ a, and the sum of the μ�(ta,b) 
determine the membership degree of the state μ(Sa). 
Moreover, by using (9) is deduced that:  
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Equation (10) allows to permanently conserve all time the 
activation of the functional states, because adding the 

membership degrees of all the states μ’(Sb) will allow to 
conserve the membership degree of the initial state μ(Sa), if 
the sum of all transitions is equal to 1, as in (9). With this 
criterion, fuzzy states machine will preserve the belonging of 
the functional states all time (Demasi, 2003). Using (8), the 
membership degrees transition matrix UT is estimated as is 
shown in (11): 
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(11) 

3.2 Updating of the Membership Degrees Transition Matrix 

In an Automaton for monitoring, not all connections among 
functional states describe the real behavior of the process. For 
this reason, an update of the matrix UT (11) is required. By 
using the Hebbian learning theory and the self−organizing 
maps algorithm, the transition matrix is updated. The 
objective is to remove less representative connections. Let Ga 
be a function of minimum distance to a class (Palma and 
Marin, 2008): 

                                    � 
�
 *d minGa                           (12) 

where d*(·) is an arbitrary distance. In this case the criterion 
for distance between classes is necessary only based on fuzzy 
membership degrees, matrix U in (3). Isaza (2007) proposed 
a new distance between fuzzy classes a and b, d*(a,b). This 
measurement depends only on the membership degrees of the 
classes, so data is not required. Then, the distance between 
the classes a and b is estimated in (13). 
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NU is the number of samples of the classes a and b, 
μa,i � μb,i = min �μa,i , μb,i� and μa,i � μb,i = max �μa,i , μb,i�. 
Following the theory of the self-organizing maps, a Gaussian 
function ha,b is used (Kohonen, 1990). If the standard 
deviation or width, σa,b(η) decreases, then μ�(ta,b) also 
decreases and by increasing σa,b(η), μ�(ta,b) also increases. This 
function is shown in (14). 
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η is the actual iteration number of the algorithm. With the 
algorithm, σa,b(η) is updated by using an initial random width. 
The updating σa,b(η + 1) has the form of a Hebbian function, 
defined in (15) (Haykin, 2008). 
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Where m represents the size of the matrix UT (j x j 
dimensions or m = j2) and εo(η) is a learning factor for the 
updating of σa,b(η + 1), expressed in (16). 
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                     (16) 

Where, εin is an initial learning factor and εf is a final learning 
factor. To update the matrix UT (11), a function of updating 
of the membership degrees of transition, μ�(ta,b) (η + 1) is 
proposed as a Hebbian function, expressed in (17). 
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Where εt(η) is a learning factor for the updating of μ�(ta,b) 
(η+1), defined in (18). 
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ηf is the maximum number of iterations. The algorithm 
updates the matrix UT (11) at each iteration and it is finalized 
when there exist a stability of the matrix, i.e. when |UT(η + 1) 
- UT(η)| = 0. As result the matrix UT (11) is automatically 
updated to conserve the properties shown in (9) and (10). 

3.3 Construction of the Graph of Connections among 
Functional States 

To establish the updating of the matrix UT (11), the graph of 
connections is constructed by observing output transitions 
that exist from an initial functional state with respect to the 
other. The automaton includes the transitions with a 
membership degree transition different to 0. The final graph 
represents the changes of the behavior of a process that are 
suggested to the expert. 

4. CASE OF STUDY: STEAM GENERATOR PROCESS 

4.1 Description of the Process 

The proposed method is applied to a boiler subsystem of a 
steam generator. An estimation of fuzzy automaton is made 
with historical data and it is validated with 2 sets of new data 
and the concept of the expert in the process. The same 
process was used to validate the approach of matrices of 
connections presented Kempowsky, et al. (2006).  In order to 
compare the results, the proposed method is evaluated in this 
paper with the same data. The steam generator test is 
designed as a version to pilot scale of a real steam generator 
for a nuclear central. Operation of the process is as follows: 
the feed water flow is generated by a pump that propels water 
to a boiler. To maintain constant water level in the boiler, a 
controller On−Off operates via the pump. Therefore, the heat 
power value of the boiler will depend on the steam 
accumulator pressure. When the accumulator pressure drops 
below of a minimum value, the heat resistance is activated 
which gives the maximum heat power, and when by 
achieving a maximum pressure the heat resistance is cut off 
to maintain the pressure in ±0.2 Bar in the set-point. The 
steam flow generated is measured by a flow sensor. The 
functional states analyzed by the expert correspond to: 
normal operation (C1), pressure regulation (C2) and (C3), 
level regulation (C4), and level and pressure regulation (C5). 
The historical data of the process contains 937 samples and 5 
descriptors or process variables, corresponding to physical 
variables: the feed flow water (F3), heat power (Q4), boiler 

pressure (P7), boiler level (L8) and output steam flow (F10). 
The data are normalized with respect to the maximum and 
minimum value of each variable with the objective of 
homogenizing the influence of the innate dimensions of the 
variables.  

4.2 Graph of Connections of Functional States 

The first step is to obtain the matrix U, as in (3), as result of 
the application of a Fuzzy Clustering algorithm using the 
historical data. In order to analyze the independence with 
respect to the used Fuzzy Clustering method, three methods 
are used to find the initial transition matrix: LAMDA method 
(Piera, et al., 1989), FCM method (Bezdek, 1981) and GK-
Means method (Gustafson and Kessel, 1978). In table 1, the 
parameters with which convergence and stability were 
achieved for the clustering algorithm are presented. The 
results (classes) of the classification correspond to those 
associated by the expert and those obtained in Kempowsky et 
al. (2006) by using LAMDA method. Fig. 2 illustrates the 
classification result, where each sample is classified in one of 
the 5 classes or functional states. To construct the graph of 
connections (see Fig. 3a), the membership degrees transition 
matrix is estimated in each case and it is also updated. The 
independence of the Clustering method is demonstrated (see 
Table 2).   

Table 1. Parameters used for LAMDA, FCM and GK-
Means 

Algorithm Parameters 
LAMDA Method Exigency Iterati

ons 
Probability Conne

ctivity 
Self- 

Learning 
0.8 2 Lamda3 Min-

Max 
FCM Classes Factor of  

Fuzzification 
Error Iterations Vol. 

5 1.1 10-10 1000 1 
GK-
Means 

Classes Factor of  
Fuzzification  

Error Iterations Vol.  

5 2.1 10-10 1000    1 
 

Table 2. Membership degrees transition matrices. 
LAMDA  (C1) (C2) (C3) (C4) (C5) 

(C1) 1 0.258 0.221 0.272 0.248 
(C2) 0.252 1 0.239 0.267 0.241 
(C3) 0.215 0.267 1 0.225 0.293 
(C4) 0 0 0 1 1 
(C5) 0 0 0 1 1 

FCM  (C1) (C2) (C3) (C4) (C5) 
(C1) 1 0.251 0.251 0.249 0.248 
(C2) 0.25 1 0.249 0.250 0.249 
(C3) 0.222 0.274 1 0.235 0.269 
(C4) 0 0 0 1 1 
(C5) 0 0 0 1 1 

GK-
Means 

 (C1) (C2) (C3) (C4) (C5) 
(C1) 1 0.251 0.251 0.248 0.249 
(C2) 0.253 1 0.251 0.246 0.248 
(C3) 0.244 0.282 1 0.219 0.255 
(C4) 0 0 0 1 1 
(C5) 0 0 0 1 1 

The automaton obtained by the membership degrees 
transition matrix is the same in the three cases. Six 
connections are removed and the stability of the matrices UT 
is achieved with η = 6 using εin = 0.01, εf = 0.1 and ηf = 50. 
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The values εin and εf are recommended by Haykin (2008). It is 
important to note that for the case of LAMDA, the matrix U is 
normalized before applying the proposed method, 
determining the maximum and minimum μi,j of all the 
elements of matrix U. By approximating εin to εf a low 
elimination of the connections among functional states is 
observed (see Fig. 3b), false transitions are presented that are 
not in agreement with the physical behavior of the process. 
Fig. 4 shows the graph of connections using the transitions 
matrices proposed in Kempowsky, et al. (2006). In these 
results, the method only allows to find transitions in the 
historical (see Fig. 4, continuous line) and after making 
validation with the expert and analysis of validation data, 
connection (C2)–(C5) is manually added (see Fig. 4, dotted 
line). By comparing the graph of connections of the Fig. 3a 
and Fig. 4, the proposed method in this paper is able to find 
and to validate the majority of connections among functional 
states proposed by Kempowsky (2004), except the 
connection (C5)–(C2). However, new connections are found 
that are not considered in the historical data, as:  

 
Fig 2. Classification of the historical data with LAMDA, FCM 
and GK–Means. 

 

Fig 3a. Graph of connections obtained with LAMDA, FCM 
and GK–Means. 

 

Fig 3b. Graph of connections with false transitions, if εin is 
approximated to εf. 

 

Fig 4. Graph of connections obtained with transition and 
frequencies matrices (Kempowsky, et al., 2006). 

Connections (C2)-(C5) and (C3)-(C5): In the classification 
with historical data (see Fig. 2), connections (C2)–(C5) and 
(C3)–(C5) are not established. With the proposed method, 
connections (C2)–(C5) and (C3)–(C5) they are found, and 
when validating them with new data, it demonstrates that 
these transitions exist in the process (see Fig. 5, Fig. 6a and 
Fig. 6b). Physically, these connections occur because when 
detecting a low or high pressure in (P7), the pressure (C2) or 
(C3) are regulated by activating or cutting off the resistance 
(Q4) to increase/decrease the pressure. Therefore, the water 
level changes (more or less level) in (L8), (F3) is activated to 
regulate the level and (F10) is activated in a short instant of 
time to regulate the output pressure at boiler (it corresponds 
to (C5)).  

 

Fig 5. Connection (C2)–(C5) with validate data. 

 

Fig 6a. Range of the validation data to analyze the connection 
(C3)–(C5).  

 

Fig 6b. Connection (C3)–(C5) in the validate data 
classification. 

Connection (C1)-(C5): In normal state (C1), if for an instant 
of time a critical state of water level and pressure (C5) is 
detected; (F3) and (F10) are activated in a short time to 
stabilize the output pressure of the boiler and to regulate the 
water level.  

Connection (C5)-(C4): After that connection (C1)–(C5) 
occurs, if in (C5) the water level does not achieve to stabilize 
totally in this short instant of time, when (L8) detects it, then 
the state (C4) allows to regulate the level by activating or 
cutting off (F3). Then, to avoid a change in the pressure 
because the water level changes, a transient occurs in the 
state regulate level (C4) which it must regulate pressure and 
level (C5) or connection (C4)–(C5) (See Fig. 3a and Fig. 4).  
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Connection (C3)-(C4): If there is a high pressure in (P7), (L3) 
is cut off to establish the pressure (C3), but critical state 
occurs because the water level may decrease in (L8), 
therefore (F3) must be activated to increase the water level to 
a stable level.  

Connection (C2)-(C4): this case is a transition that cannot 
physically occur, because it is impossible that by detecting a 
low pressure in (P7) and the state (C2) begins to regulate 
pressure by activating (L3), the state (C4) regulates the water 
level when this state is activated if the increase of level is 
necessary. This last connection the expert suggested 
removing it.  

It is important to take into account that the method suggests 
new connections to the expert, but he is the one who makes 
the final decision of the most important transitions for the 
process. Moreover, the expert cannot add connections. 

5. CONCLUSIONS 

A new methodology was defined in order to find an 
automaton that includes the connections among functional 
states. The connections are represented for a membership 
degrees transition matrix. By updating the transitions, the 
method determines the most “relevant” connections to predict 
the changes in the behavior of the process, plus other 
connections that were not evident in the historical data and 
were found when updating the matrix. The results suggest 
that the new connections may happen and should be 
considered by the expert for the decision-making of the 
process. The method is useful because clustering methods 
may detect classes not foreseen by the expert. It is clear that 
there exist dependence with respect to the learning 
parameters, but the recommended values of learning 
parameters allow finding the best graph of connections. As 
future work method to define the join of classes when two or 
more functional states represent similar behaviors is being 
considered, as well as the use of the membership degrees in 
order to eliminate false connections.  
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Abstract: In this paper, a MATLAB toolbox, which implements the idea of a group method
of data handling is presented. First, a theoretical background regarding such a kind of neural
networks is provided. Subsequently, design steps, tests and experimental results are presented.
Moreover, the selection methods used in the considered approach are discussed. The final part
of the paper exhibits practical applications of the developed toolbox.

Keywords: Neural network, parameter estimation, system identification.

1. THEORETICAL BACKGROUND

GMDH (ang. Group Method of Data Handling) (Farlow
(1984)) is a specific type of neural networks. The method
was developed by Ivakhenko (Ivakhenko and Mueller
(1995)). The method makes it possible to identify multi-
inputs systems. Because the accuracy of the neural model
largely depends on a proper selection of the neural network
structure, which is a complex task, the idea of GMDH is to
replace a complex model with structure consisting of some
sub-models (Patan et al. (2008)). The structure evolves
during the synthesis of the network. Sub-models can be
categorized as a linear, nonlinear or dynamic ones (Mru-
galski (2003)). The toolbox uses dynamic sub-models. To
protect GMDH network from expanding into infinity, the
selection methods are needed. The implemented methods
are as follows (Koza (1992)):

• constant population method,
• roulette method,
• ranking method,
• tournament method.

Moreover, a stop condition is needed that will prevent
an excessive growth of a network (Duch et al. (2000)).In
the toolbox, as a stop condition either the minimum
estimation error or the maximum number of layers are
used, respectively. Finally, the resulting network is shown
in Fig. 1. For comprehensive description of the GMDH
strategy the reader is referred to (Witczak (2007)), and
hence it is omitted in this paper.

2. DESIGN CONDITIONS

Before implementation, the following conditions are taken
into account:

• possibility to identify nonlinear and dynamic Multiple
Input Multiple Output (MIMO) systems,

• identification for a series-parallel neural model, vali-
dation for a parallel neural model.,

• providing design parameters for modeling GMDH
network as follows:

Fig. 1. Final structure of GMDH network

(1) stop condition (minimum estimation error, max-
imum number of layers),

(2) dynamic order,
(3) selection method,
(4) selection criterion,
(5) initial parameter vector,
(6) input and output lags,
(7) state vector dimension for neural model.

• possibility to import testing and validation data from
a file or a workspace,

• Graphical User Interface (GUI),
• error handling,
• help files.

The sub-model parameter estimation methods are as fol-
lows:

• bounded-error estimation (Jaulin and Walter (2001)),
• estimation with Adaptive Random Search (ARS)

algorithm (Prudius (2007)),
• sub-space identification (Demuth et al. (2010)).

3. GMDH TOOLBOX

The entire implementation was done using the Matlab
environment. A graphical user interface editor, called guide
is used. The GMDH Toolbox consists of two windows:
main window (GMDH Network Toolbox) and the data
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Fig. 2. Import data window

import window (Import Data). The ergonomic arrange-
ment of the buttons and lists was achieved as a result
of inspiration with the Neural Network Toolbox, which is
available in Matlab. In the import data window (Fig. 2),
there are three panels: the data source selection panel, the
variable selection panel as well as the training input data,
the validation input data, the training output data and,
finally, the validation output data panel. The data can
be imported either from an existing file with extension
*.mat or from the Matlab workspace, respectively. After
assigning the variables from the list as the relevant data
(by the selection button Set), the import data window is
closed. The main window (Fig. 3) is equipped with the
tools for choosing model selection methods, the param-
eters of these methods, the set of the initial conditions
and the network synthesis stop conditions. In the main
window, menu bar is available, consisting of two items:
Menu and Help. After pressing the corresponding button,
the assigned submenu is opened. It is possible to open
the import data window, to build the GMDH network
structure or to close the application. The Help button
submenu consists of About toolbox button (after pressing
this button, the window with the information about the
author and the version of the toolbox is opened), Help
button (help files) and Show GMDH Structure (which
shows an exemplary scheme of GMDH structure). The
choice of the estimation method is performed by selecting
an appropriate option from the Estimation methods panel.
It is possible to choose the above mentioned estimation
methods, namely: bounded-error estimation (Jaulin and
Walter (2001)), ARS (Prudius (2007)) and sub-space iden-
tification method (Demuth et al. (2010)), respectively. De-
pending on the choice, the appropriate design parameters
are available. In the case of bounded-error estimation, the
user can specify the maximum number of layers, after
which the GMDH network synthesis is terminated (the
first stop condition). As the second stop condition, the
minimum estimation error is defined. Besides the stop
conditions, the user is required to choose the orders of the
system dynamics. They are defined by setting a maximum
lags in the inputs and outputs, respectively. If the non-
dynamic models are needed, it is necessary to set zero value

Fig. 3. Main window

in the delay text fields. The subsequent fields, which are
available by selecting the bounded-error estimation, are
the upper and lower bounds of the error, which may not be
exceeded during the system identification phase. Another
possible way to estimate the model parameters is the
estimation method employing the ARS algorithm. After
selecting the method, it is possible to set a GMDH network
synthesis stop conditions. Furthermore, in a popup menu
the selection criterions are available, namely (Soderstrom
and Stoica (1989)):

• convergence criterion,
• absolute convergence criterion,
• mean square criterion,
• absolute mean criterion.

When the ARS method is selected, it is necessary to
specify the initial vector of parameters. The last parameter
estimation method is a sub-space one. In the case of this
method, besides obvious stop conditions, it is necessary
to choose the model order, i.e. the dimension of the sub-
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model state vector. If the data are imported, the GMDH
network synthesis can be initiated by pressing the Build
network button.

Fig. 4. Warning message window.

In the case, when data are not imported, or if are not cor-
rectly assigned as training/validation input/output data,
the warning window is shown (Fig. 4). The results and
plots made during building the GMDH network will be
discussed in Section 4. To understand the toolbox more
in depth, the help files are prepared, which are available
after pressing the Help button (Fig. 5). In the help file,
all necessary information, how to use the toolbox and the
background on the GMDH idea are given.

Fig. 5. Help file

Moreover, the Help files provide some hints on how the cri-
terions are interpreted and how to interpret the resulting
graphs.

4. EXPERIMENTAL RESULTS

After running the algorithm, which builds the GMDH net-
work, by pressing the Build GMDH network, the synthesis
of the GMDH network is started. After this process, the
windows with graphs are opened, which show, how pre-
cisely the neural network fits the real system. The graphs
are different, i.e. they depend on the selected estimation
methods. The data used for the experiments were collected
at the evaporation station of the Lublin Sugar Factory
S.A. (Kościelny et al. (2002)). There was four inputs:
juice pressure on control valve input, juice pressure on
control valve output, juice flow after control valve and the
juice temperature on control valve input. The output was
rod displacement of servomotor. The first plot illustrates
the experimental results obtained using the bounded-error
estimation method. The first chart of the top shows the
results of the GMDH neural modeling for the training
data. The system output is marked by the solid line and
the model output is marked with a dotted line. It is easy to

Fig. 6. Optimal number of layers in GMDH structure

see, that for over 800 samples both lines covers each other
which means, that the neural network mimic the system
with a good quality. The neural modeling results for the
validation data are presents in Fig. 7. A comparison of
outputs from the system and the model for the validation
data suggests that neural modeling in is correct. Moreover,
the identification error for the validation data is accept-
able (Aubrun et al. (2008)). The third chart presents the
bounded system output. It helps to check, if the interval
between upper and lower bound is tight enough to identify
with the best accuracy. Comparing the second and third
chart, the biggest difference occurs while the bounds are
exceeded. After neural modeling process, another figure
is generated, which makes it possible to see, in which
layer of a neural network the identification error was the
smallest one. Figure 6 shows, that the smallest error for
the validation data was in the second layer, in the next
layers it begins to grow. This means that larger number of
layers was not needed for identifying the system. Another
experiment was made using the estimation ARS method.
In the case of data from the Lublin Sugar Factory S.A.,
this method gives worse results than previous methods.
In Fig. 8, it is easy to see, that the lines representing the
output from the system and the model do not overlap as
perfectly as in the case of the bounded-error estimation
method. But it does not mean that the estimation method
using ARS algorithm will be the worst one in every case.
Another experiments were made for the data from the
tunnel furnace available in the laboratory at University
in Zielona Góra prove that the ARS method for this case
is more appropriate. The results of this experiment are not
included in this paper. The last experiment was concerned
with the estimation with sub-space method. Similarly to
the ARS method, also this gave worse identification results
compared to the bounded-error estimation method (Fig.
9). Like for the ARS method, it does not mean that the
sub-space method will give worst results for every data.
The optimal number of layers was larger than in the first
method. The synthesis was ended on third layer.

5. CONCLUSIONS

In this paper, a GMDH toolbox for neural network-based
modelling is presented. It was designed as an alternative
approach to the system identification, different from the
typical neural networks. The obtained results do not
deviate from the widely accepted norms. The implemented
three methods for estimating the parameters allow the

Proceedings of the 8th ACD 2010 European Workshop on Advanced Control and Diagnosis 
Department of Engineering, University of Ferrara, Ferrara, Italy 
18-19 November, 2010

Regular Paper 
 

204



Fig. 7. System and model outputs for training and validation data from Lublin Sugar Factory S.A. obtained using
bounded-error method.

Fig. 8. System and model outputs for training and validation data from Lublin Sugar Factory S.A. obtained using
estimation with adaptive random search (ARS) algorithm.

Fig. 9. System and model outputs for training and validation data from Lublin Sugar Factory S.A. obtained using
sub-space method.
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shows the application of the generic BN model for Circular 
2oo5: F system. The reader can see the spatial organization 
that shows the closeness of both linear and circular 
consecutive-koon BN models. 

Figure 4. Linear consecutive-2-out-of-5: BN model 

Figure 5. Circular consecutive-2-out-of-5: BN model 

Reliability estimations: 
For a first numerical application, let’s consider iid failure 

rates of components 1310 −−= hiλ  and the time of mission 
hT 1000= . The probability of components to be in state Up

is: ( ) 3679,0)exp( =×−== =Ttii tUpwP λ . The probability 
distribution of components and the probability distribution of 
the linear consecutive 2oo5: F system computed by the BN of 
Figure 4 is given on Figure 6. The circular consecutive 2oo5: 
F system reliability computed by the BN of Figure 5, based 
on its components reliability, is given on Figure 7. 

The reader can verify that the probability of the systems to be 
in state Up corresponds to the reliability of the systems 
computed from relations (1) and (2), respectively for the 
linear and circular 2oo5: F system. 

Figure 6. Linear consecutive-2oo5:F probability distribution 

Figure 7. Circular consecutive-2oo5:F probability distribution 

Figure 8. Circular consecutive-2oo5:F probability distribution 

Figure 9. Circular consecutive-2-out-of-5 probability 
distribution 

1λ 2λ 3λ 4λ 5λ
10-3 2.10-3 3.10-3 4.10-3 5.10-3

( )1wP ( )2wP ( )3wP ( )41wP ( )5wP
0,3976 0,1353 0,0498 0,0183 0,0067 

Table 5. Failure rates and reliability of components.  

For the second numerical application, let’s consider an inid
distribution of components failure rate and their 
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corresponding probability to be in state Up at the mission 
time. The numerical values are given in Table 5. 
The reliability of the linear consecutive-2oo5: F and of the 
circular consecutive-2oo5: F systems are given on Figure 8 
and 9. These two tests show the exactness of the BN models. 

Diagnosis and weighting matrix computation 
As mentioned in section 4, an advantage of BN is to naturally 
compute the probability of some variables given the value of 
several others. This ability of BN can significantly help 
managing the diagnostic of system. Moreover in this 
application to the on-line control re-allocation strategy, the 
BN model is used to compute the parameter of the weighting 
matrix uW . For instance, let’s consider the inid distribution 
(Table 5) of components probability given on Table 6 (step 0) 
for the circular consecutive-2oo5: F system at the time 

hT 1000= . In the (Step 1), the BN model computes the 
probability distribution of each component given S is Up. It 
can be interpreted as the importance contribution of each 
component to the functioning of the system. Then the 
actuators with the most important probability ( )UpwP i = are 
more requested according to the equation (7). Considering 
the probabilities (Step 1), the component five is probably 
Down because ( ) 1199.05 ==UpwP  thus an inspection can be 
launched to verify its state. Two cases can occurred 
according to component five states. If the observation of the 
component five is Down then its probability ( ) 05 == UpwP . 
This probability is used as evidence and the BN computes all 
other probabilities accordingly (step 2a). The probability of 
component one and four to be Up is equal to one, the next 
inspection should be launch on the component three. But, 
let’s consider that component five is Up. The probability 
distribution of each component is different from (step 2a) as 
given on Table 6 (step 2b).  

Step 0 Step 1 Step 2a Step 2b 
( )UpwP =1

0,3976 0,9550 1 0,7911 

( )UpwP =2
0,1353 0,7092 0,7586 0,3468 

( )UpwP =3
0,0498 0,3549 0,2792 0,9102 

( )UpwP =4
0,0183 0,8929 1 0,1064 

( )UpwP =5
0,0067 0,1199 0 1 

P(S=Up) 0,0014 1 1 1 

Table 6. Diagnostic and inspection scenarios  

6. CONCLUSION  

In this paper, we have shown how a generic model of BN can 
easily handle the reliability analysis of complex system based 
on linear and circular consecutive-koon systems. In addition, 
we show how BN can be used to manage the diagnosis and 
inspection steps to identify the failed components in a 
complex system.  

Moreover the computation of the functioning probabilities of 
each actuator is proposed to be done with BN inference. 
These distributions of probabilities are proposed to be used to 

define the weighing matrix uW  that is used to give a specific 
priority level to the actuators in the re-allocation problem of 
control. This method provides a control re-allocation that is 
based on on-line reliability estimation. 

������	
��
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Abstract:  This paper describes an application of a set-membership technique to robust fault detection 
for a class of nonlinear systems, the so-called flat systems. The proposed consistency test is built based 
on a comparison of an estimated feasible set and the expected value of the input vector. This strategy 
consists in eliminating models of the plant that are not consistent with the set of observations provided by 
the system sensors. The set-membership estimator design for the input vector takes into account the 
model uncertainties and disturbances, which makes the consistency test robust against such perturbations. 
The robustness of the proposed strategy is illustrated by simulations using several sensor/actuator faults 
scenarios.  
Keywords: Flat systems, Constraint Satisfaction Problem (CSP), set-based observer, fault detection        

 

1. INTRODUCTION 

The issue of model-based Fault Detection and Isolation (FDI) 
in dynamic systems has been an active research area during 
the last three decades (see Ding [2008] for a recent survey). 
This paper considers observer-based fault detection for flat 
systems (Fliess et al [1992]). A system is called differentially 
flat, or just flat, if there exists a set of independent variables 
(to be called flat outputs of the system) such that both the 
system state and input vectors are functions of these flat 
outputs and a finite number of their successive derivatives. 
Flatness property offers an easy way to parameterize the 
dynamical behaviour of a system using flat outputs. In recent 
years the relevance of flat systems in control problems has 
been studied (see Agrawal and Sira-Ramirez [2004], 
Louembet et al. [2010], Rouchon [2008]). Most of the 
literature about flatness deals with control problems and few 
works are related to fault diagnosis. The main goal of this 
paper is to develop consistency tests for monitoring flat 
systems.  The approach is based on "model invalidation". To 
achieve robust fault detection and to take into account 
uncertainties, a set-membership observer is used. The 
approach consists basically in formulating the state/input 
estimation into a Constraint Satisfaction Problem (CSP) 
(Norvig and Russell [2010]). CSPs consist of variables with 
constraints relating them. Many important real-world 
problems can be described as CSPs. The structure of a CSP 
can be represented by its constraint graph where the state and 
input vector constitutes the variable set and a mapping, 
relating the state and input to the flat outputs and their 
derivatives is taken as the constraints. Branch and prune 
algorithms (Goldsztejn [2006], Benhamou and Granvilliers 
[2006], Neumaier [2004]), based on consistency, are used to 
compute an outer approximation of the solution set of the 
CSP via interval analysis. 

The set-membership observer is used to build consistency 
check tests based on a comparison of the feasible domain of 
the input resulting from a fault-free model simulation and the 
actual value. A fault occurrence will be indicated by an 
empty intersection. With respect to classical observer-based 
scheme, one advantage of the developed approach is the 
possibility to build consistency checks directly based on the 
input signal. In fact, the detection of incipient faults from 
output residuals may become difficult, especially when the 
permissible time window for detection is narrow. Here, the 
proposed methodology consists in estimating the input vector 
using a CSP-based observer and generating interval residual 
quantities that could be used to establish consistency checks 
in order to detect sensor or actuator faults.  
The paper is structured as follows. Section 2 recalls some 
basic definitions for flatness, interval analysis, and CSP 
notions. In section 3, the CSP-based observer technique is 
detailed and illustrated through an example (section 4) in 
order to detect sensor and actuator faults. Finally some 
concluding remarks are given. 

2. PRELIMINARIES 

2.1 Flatness
1. Consider the following nonlinear system: ��� � ���� 	
��������������� � 
��
��������������������            ��

System ��
 is said to be flat with a flat output �  if and only if 
one can describe the system states and inputs ��� 	
 only 
from the flat output and a finite number of its derivatives, i.e.: � � ���� �� � � � ���
�������	 � ���� �� � � � �����

         ��

where � and � are respectively a smooth vector field and a 
map (Rouchon [2008]).
2. The controlled system ��� � ����
 � � ����
	 is said to be 
flat if there exists an output �� � 
��
 such that the resulting 
SISO system 
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��� � ����
 � � ����
	� �� � 
��
            ��

has relative degree �. In that case, � is called a flat output 
defined by the output function 
��
 
2.2 Interval tools 
A real interval !"# � � � !"� "#�is a connected and closed subset 
of $. The set of all real intervals of $ is denoted by %$. Real 
arithmetic operations are extended to intervals (see Moore 
[1966], Hansen [2004]). Consider an operation �&� ' � (�) *)�+)�,- and !"#, !.# two intervals, then !"#/!.# � � � (0�/���1�0� ' � !"#� �� ' � !.#-. 
The width of an interval !"# is defined by 2!"# � � � " * " and 
its midpoint by 345!"# � � � �" � � � "
,�. 
Inclusion  functions 
Let �6�$7 � 8 $9; the range of the function � over an interval 
vector [::::] is given by: ���!�#
 � � � (����
�1��� ' � !�#-  
An interval function !�#6�$7 � 8 $9�is an inclusion function 
for �  if: ;!�# � ' � %$7� ���!�#
 � < � !��#�!�#
��
An inclusion function of � could be obtained by replacing 
each occurrence of a real variable by its corresponding 
interval and by replacing each standard function by its 
interval evaluation. Such a function is called the natural 
inclusion function. In practice, the inclusion function is not 
unique and depends on the formal expression of � . When the 
manipulated intervals are not large, the centered form could 
give better results than the natural one. 

2.3 Constraint Satisfaction Problems (CSPs) 
A constraint satisfaction problem (or CSP) is defined by a set 
of variables, =�� =>� � � =7, and a set of constraints, ?�� ?>� � � ?9. Each variable =@ has a nonempty domain A@  of 
possible values (Norvig and Russell [(2010]). Each constraint ?@ involves some subset of the variables and specifies the 
allowable combinations of values for that subset. A state of 
the problem is defined by an assignment of values to some or 
all of the variables,�(=@ � � B@� =C � � BC�� � -. An assignment 
that does not violate any constraint is called a consistent or 
legal assignment. A complete assignment is one in which 
every variable is mentioned, and a solution to a CSP is a 
complete assignment that satisfies all the constraints. Some 
CSPs also require a solution that maximizes an objective 
function. 
Constraint propagation is a way to solve CSPs and the aim of 
propagation techniques is to contract as much as possible the 
domains for the variables without losing any solution. The 
Waltz filtering algorithm (Waltz [1972, 1975]) popularized 
the technique of constraint propagation and it was initially 
proposed as a way to reduce the combinatory associated with 
line labeling of three-dimensional scenes. The Waltz filtering 
is more addressed to the computer science and artificial 
intelligence domains (Van Hentenryck [1989], Kumar 
[1992]) but it has also proved its efficiency in  solving some 
of control problems. When interval uncertainties are 
considered, consistency methods combining interval and 
constraint satisfaction techniques can be used to deal with 
problems such as parameter/ state estimation and further  the 
fault detection problems. 

Example: 

Consider the three following constraints: �?�
 D ��� � � E>��?>
 D �E�� � ����?F
6��� � ��* �E� � ���
To each variable,�E and �, we associate the domain #G) �G! 
A constraint propagation consists in projecting all constraints 
until equilibrium: �?�
 � 8 ��� '�# * G) �G!�> � � !H) �G!��?>
 � 8 �E� ' ��,!H) �G!���#H) �G!��?F
 � 8 ��� ' � !H) �G!�I � ��*��
 +#H) �G!��
����������������������� � !H� �G!�I�#�* G) ��!�� � !H� �!�����������������E� '�#H) �G!�I � ��* !H) �!� � � ��
�
��������������������� � !H� �� !�
�?�
 � 8 �� ' � !H� �!�I � !H) �� !>�� � !H� �J !�
�?>
 � 8 E� ' !H) �� !�I �!H� �J ! � � �K�
����������������� ' !H) �J !�I �K � �K
Thus, it has been proved that no solution exists for this CSP. �
In the case of flat systems, the CSP variables correspond to 
the states and input related to the flat output by a specific and 
unique map. This map defines the constraints. In order to 
retrieve the state and input vectors satisfying the constraints, 
the set inversion technique is applied through the flatness 
equations (Jaulin et al. [2009]). 

3. CSP-BASED FAULT DETECTION 

3.1 Fault detection procedure 
The fault detection strategy is based on the constraint 
satisfaction methodology discussed in the previous section. 
The idea is to build a simple procedure for "model 
invalidation".  A CSP-based observer is designed in order to 
estimate a set containing the input 	 feasible values from the 
faulty real measurements. Interval residuals are then applied 
to determine the gap between the estimated set and the 
expected input. The lower, respectively upper, bound of the 
residual corresponds to the difference between the input 	
estimated set lower, respectively upper, bound and the fault 
free model input 	 value. The residual is then defined by: L � !	MNO * 	� 	MNO * 	#             �J

The consistency test is based on the comparison of the input 
expected value (fault-free model) and the estimated domain !	MNO� 	MNO#. Then, if 	 does not belong to the latter, the fault-
free model is not compatible with the measurements and we 
can conclude that a fault has occurred. This is equivalent to 
checking if: L � P	MNO * 	� 	MNO * 	Q R H.               �S

3.2 CSP-based observer 
The proposed observer is built based on the flatness property. 
The main steps are detailed in the following: 
a. Equation ��
�can be rewritten as (Jaulin et al. [2009]) T � ��� ���
� � � ���
�U � V�W
 � X!�E� 	
U#         �Y

The function V can be obtained by successive derivatives of 
the flat output with respect to time. The goal is to estimate the 
input 	 based on the expression �Y
 at the sampling times ZC. 
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b. Denote respectively by [\ , ]\ , the domains of 	 and T at ZC. Note that if no prior information about the domain of 	 is 
available, we can select [\ �# * G� �G!. Thus, the input 
estimation method consists in computing all the values of 	
satisfying: 

^T\ � V!��\� 	C�_#T\�`�]\������������������������	\�`�[\���������������� �              �a
  

Then, the idea is to remove parts of the search domain [\ for 
the model input that is inconsistent with the measured data �C
and their derivatives up to order b. In this work, the 
measurement derivatives are computed using HOSM 
differentiators (Levant [1998, 2001]). Let c�Z
 be the signal 
to be differentiated and de� d� … d7 some estimates for the 
signal c�Z
�and its derivatives. The nth-order HOSM 
differentiator is given by:

fgg
ggh
ggg
gi d�e � Be� Be � *je1de * c�Z
1 77����4k��de * c�Z
� � d������������������d�� � B�� �B� � *j�1d� * Be17l�7 ��4k��d� * Be
 � d>��������������������������d�@ � B@� �B@ � *j@1d@ * �B@l�1 7l@7m����4k��d@ * �B@l�
��������n
������������d@������������������������������������������d�7l� � B7l���������������������������������������������������������������������������������������������������B7l� � *j7l�1d7l� * �B7l>1�>�4k��d7l� * �B7l>
 � d7������������������d�7 � *j7�4k��d7 * B7l�
���������������������������������������������������������������������

�

Coming back to the problem at hand, the main assumption in 
this paper is that the measurement error o is bounded with a 
prior known bound  o. Thus, �  domain is given by: ��p�!�9 * o� �9 � o#              �q

where �9�is the measurement. The derivatives are estimated 
via the nth-order HOSM differentiator��n
.  It has been proved 
in (Levant [2001]) that the ith derivative estimate accuracy is 

proportional to "rr � o��stuvmstu 
�� 4 � H� � � �� when the 
Lipschitz constant of the nth derivative of the clear-off-noise 
signal is bounded by a certain constant. Hence, the derivative 
domain is:���@
p�!�MNO�@
 * "rr� �MNO�@
 � "rr# where��MNO�@
 �is the 
derivative estimate. 
The following CSP algorithm sums up the constraint 
satisfaction methodology. ����wxy&z{|}~wxy&z{|}~wxy&z{|}~wxy&z{|}~�������|{~�|&z������|�6���Z@
��{��  ���� ��� ��� ��� ��6�!	�#
  �� �x�|�����~&��xx{�y���� �Y
�� �&z�{���|&����&��� ��|{~�|��|}����z{��|{�������
�������  ������� �n
�� ��|{~�|��|}���&�������������&��|z��|�|}���� �&~�{���&����Z@
�������@
�Z@
�� �&x�������|&�&�|�{��!	�Z@
#���� �a
���� �6���{|{�x����z�}��&~�{��
In the following paragraph, two numerical examples are 
presented to illustrate the efficiency of the proposed approach 

for detection of sensor and actuator faults.  Note that both 
examples are under feedback control and the input is 
constructed from the state feedback. 

4. FAULT DETECTION PERFORMANCE  

4.1 Sensor faults 
Equation ��
 shows that the input 	�only depends on the flat 
output and its derivatives up to an order �b � �
. A sensor 
fault appearing on the measurements will cause erroneous 
derivative computation and finally a wrong estimate will be 
calculated for the input 	. Comparing both estimated input 
set and the expected input 	, an empty intersection would 
denote the occurrence of a fault. Consider the following 
system: 

^E�� � o��	������������������������E�> � E� � o��	��������������E�F � E� * E>�������������������� � EF� d � � E>��������������� �          ��H

� and d are the measured outputs. 
It is easy to prove that: 

fgh
gi E� � *E�F � *�� ����������������������������������E> � *�E�F � E�F
 � *��� � ��
����������EF � ����������������������������������������������������	 � E��o�� � * E�Fol��������
 � * ��ol��� ��� 


�
Thus, the system ��H
 is flat and � is the flat output. To 
illustrate the consequences of a sensor additive fault on the 
input u estimation, we can write the contaminated 
measurement as: �� � � � c"	�Z               ���

The most common sensor error fault is an offset bias. When 
the output signal slowly changes independent of the 
measured property, it can be modelled as drift. Finally, a 
sensor can be subject to an abnormal external noise.�
Bias: Adding a bias to the measurement y at the instant tb
leads theoretically to the following input estimation:

	 � 5�5Z����.

o*� 5�5Z����.
� 55Z���.
�

	 � P�����QMv�P�� t � QtP�� t � Q
          ���
�
The bias . is assumed to be a step function appearing at Z � ��. Using the erroneous measurement �� � � � H �S�, the 
last equation becomes: 

	MNO � ��uM¡� � * ���Mv�¡� �t¡� �
 � * �¢�Mv��¢� t�¢� 
           ��J

Moreover, we suppose that the measurement �9
(contaminated or not) belongs to the interval�!�9 * o� �9 �o���� where�o�H HHJ�� is the a priori known measurement error. 
The initial search domain for the input is taken as: !	e�# �!*�) J#. 
The input estimation gives the following set (black) and the 
expected (dashed line) as shown in figure 1.a. The upper and 
lower bounds of the residual are depicted in figure 1.b. 
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Abstract: Nowadays, the general aim is to increase the energy efficiency of heating ventilation
and air conditioning (HVAC) systems by achieving highly stable control performance allowing
for operation close to the specification limits, where the highest profitability can be obtained.
Considering the nonlinear behaviour of HVAC systems the use of advanced control techniques
is a necessity in achieving this goal. One of the key questions arises here: are the economical
benefits of implementing advanced control techniques higher than the installation costs? In this
paper, the steady state characteristics between control set-points and HVAC system energy
usage are estimated, in order to help to answer this question.

Keywords: HVAC system, energy consumption analysis, system identification

1. INTRODUCTION

In this paper heating ventilation and air conditioning
(HVAC) systems dedicated for clean room production ar-
eas are under consideration. These systems provide man-
ufacturing areas, i.e. controlled zones, with conditioned
air such that the temperature and the humidity are regu-
lated within predefined limits. Considering the complexity,
nonlinear character issues and non-stationary operational
conditions of HVAC systems the control of such systems
is a non-trivial task. In practice, this commonly results in
poor control performance and increased energy consump-
tion, see Underwood (1999). Whilst the suboptimal control
performance on such plants is tolerable, the increased
energy consumption is becoming increasingly problematic
nowadays with concern for the effect on the natural envi-
ronment. It is estimated in Levenmore (2000) that 15% of
a typical HVAC overall energy usage is avoidable via an
improved control. Consequently, this research focuses on
increasing the energy efficiency of HVAC systems through
the analysis and optimisation of control.

Abbott Diabetes Care (ADC) UK, an industrial collab-
orator of the Control Theory and Applications Centre,
develops and manufactures the blood glucose and ketones
test strips, which are designed to assist people with di-
abetes, see Hill et al. (2009). One of the manufacturing
requirements is that the environmental conditions during
production are highly stable and within defined limits.
To achieve this goal ADC UK utilises HVAC systems for
clean room production. It has been found that the HVAC
systems used on site are rather poorly tuned, hence an
analysis of the control system with a view to subsequent
optimisation is considered as a high priority.

Recent work with ADC UK has, firstly, focused on the
humidity control analysis based upon a developed zone
humidity model, see Larkowski et al. (2009). It has been
found that the thermodynamical process of dehumidifi-
cation exhibits bilinear characteristics. A linear in the
parameters black-box modelling approach has been chosen
to replicate such a behaviour. The derived model has
subsequently been used for parameter optimisation of a
currently utilised proportional and integral (PI) controller,
see Hill et al. (2009) and references therein. Results of this
work has yielded a stable and tight control performance,
which has subsequently allowed adjustment of the control
set-point closer to the specification limit; as a consequence
a reduction in gas consumption of approximately 20% has
been achieved.

In a similar manner to the work involved in developing
zone humidity model, a zone temperature model has been
identified, with the aim being to utilise this for subsequent
control optimisation, see Zajic et al. (2010). The approach
undertaken was to use data from existing sensors installed
as a part of the building management system, hence avoid-
ing additional costs and issues connected with installation
of new instrumentation. Subsequently, the parameters of
the PI controller have been appropriately tuned, which
yielded a stable control performance leading to a decrease
in the wear and tear of control valves.

Further improvement would require an order of magnitude
increase in complexity of the control scheme, leading to
the use of more suitable advanced control techniques, such
as optimal gain scheduling or multi-variable model-based
controllers. Similar trends can be also seen in e.g. chemical
process control, see Kano and Ogawa (2009), where the
maximal utilisation of conventional advanced control tech-
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Abstract: This paper considers the utilization of first principle models of a BioGrate boiler in a 
disturbance analysis study. The study focuses on the effect of fuel moisture content on the fuel 
combustion, since it is the most significant disturbance source in the boiler operation. The dynamic 
model of a BioGrate boiler, upon which the study is based, is heterogeneous, including solid and gas 
phases. Furthermore, the model considers chemical reactions in both gas and solid phases. In addition, 
fuel movement on the grate is included into the model. The energy required by the process is employed 
through a radiation function validated by industrial data. The model is implemented in a MATLAB 
environment and tested with industrial data. The results are presented and discussed. 
Keywords: Power generation, Dynamic modelling, Biotechnology, Finite difference method, Renewable 
energy systems, System Identification 

 

1. INTRODUCTION 

The increasing utilization of renewable energy has created 
new energy efficiency challenges for industry. As biomass is 
one of the most important raw materials for renewable 
energy, all available biomass sources must be considered for 
energy production. However, the fuel properties of biomass 
tend to vary significantly depending, for example, on its 
origin, fuel processing and handling. Variable properties 
cause large fluctuations in combustion and thus, set 
challenges for an existing control strategy to keep the process 
within its constraints.   

One of the latest successful processes developed, which uses 
wood waste as a fuel, is BioGrate-boiler technology, 
developed by MW Biopower. The combustion of wood waste 
is a very complex process involving several highly coupled 
chemical reactions. Furthermore, the operational conditions 
of the furnace greatly affect the yields of chemicals produced 
during the combustion process, i.e., fractions of tars, gases 
and char. Moreover, not only do the yields of chemicals 
differ under various combustion conditions, their reactivity in 
succeeding reactions also differ. In addition, significantly 
varying moisture content causes significant disturbance in the 
boiler operation. Fuel containing high amounts of moisture 
can occasionally cause a dramatic drop in a power 
production. These moisture-induced drops in power 
production are sometimes confused with a decrease in power 
production caused by a shortage of fuel in the boiler furnace. 
Since these two cases cannot be distinguished from each 
other quick enough, drops in power production are usually 
treated by adding more fuel. In the case of a fuel shortage, the 
added fuel would bring the process back to the specified 

operation conditions; nevertheless, in the case of increased 
fuel moisture, fuel addition causes an unexpected effect. The 
added fresh fuel will first continue to decrease the amount of 
produced heat and electricity, since fuel drying requires a 
significant amount of energy. After the fuel has dried it 
ignites and, consequently, raises the temperature of the flue 
gases causing an uncontrolled increase in steam production as 
a result. Finally, the unstable steam production leads to a 
turbine trip and thus financial losses due to unmet power 
production targets. Furthermore, the disturbances caused by 
the variation of the moisture content have a delayed impact 
on the operation of the boiler. Detecting an early disturbance 
can thus significantly improve the operation of the boiler.   

This paper studies the detection of disturbances in boiler 
operation and is organized as follows: Section 2 describes the 
structure of a BioGrate boiler process; Section 3 presents the 
model and its aspects; and Section 4 studies the effect of 
moisture content on the combustion process. Section 5 
presents a possible approach for the moisture content 
estimation. Section 6 summarizes the results. 

2. PROCESS DESCRIPTION OF A BIOGRATE 
BOILER 

A BioGrate consists of the following functional parts: a water 
filled ash space below the grate which, in turn, is located 
above the reservoir. The BioGrate is covered with a heat 
insulating refractory walls (combustion chamber) which 
reflects the heat radiation back to the grate Anon (2009).  

The grate consists of several ring zones, which are further 
divided into two types of rings: rotating and fixed. Half of the 
grate rings rotate while the rest are fixed. Every second 
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